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Abstract

PERTURBATION OF WHISPERING GALLERY MODES IN MICROSPHERES BY

PROTEIN ADSORPTION:

THEORY AND EXPERIMENT

Maziar Khoshsima

In this thesis we investigate the interaction of a nanoscopic dielectric particle (a.k.a.

nanoparticle) with a transparent microsphere. We are particularly interested in the effect

which a nanoparticle has on the so called photonic atom modes (a.k.a. Whispering gallery

modes). Our investigation is both theoretical and experimental.

 Theoretically we treat the interaction through first order perturbation theory. The

developed theory allows us to derive equations for the shift in the Photonic Atom

Resonances. The shift due to multiple nanoparticles is included though a non-interacting sum.

To test our theory we have constructed experiments in which the resonances are

stimulated by evanescent coupling to the guided waves in an optical fiber. Instead of creating

artificial nanoparticles we have utilized naturally occurring protein molecules which are well

characterized by x-ray crystallography. Theory and experiment are in good agreement.

A surprising result is the extreme sensitivity of resonance shifts to protein

adsorption. We demonstrate that less than one thousandth of a monolayer of Bovine Serum

Albumin (BSA, approximately 4 nm in size) can be sensed. This sensitivity is currently

unprecedented for a bio-molecule adsorption, and appears to increase inversely with the

microsphere radius. The inverse dependence on radius is borne out theoretically. We

anticipate the possibility of observing a single protein adsorption event, and thereby

determining the polarizability of a protein molecule

Near the end of my work I began to investigate the sensitivity to smaller protein

molecules. A few of these measurements are presented.
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Chapter 1

Introduction

The interaction of atoms with resonators is a classic problem, which has involved the

likes of Charles Townes and Isidor Rabi. Their experiments were carried out under high

vacuum in order to ensure long coherence times. A great deal of current interest has shifted

toward molecules in solvents, in particular water. The interest is quite natural as physics is

applied to more complex systems, and Bio-Physics becomes a major new area. Thus one

hears talk of Bio-Optics, a new direction which has brought with it new problems and

instruments.

My interest is in investigating the interaction of molecular and macromolecular

adsorbates (e.g. protein, DNA, viral particle, etc.) with dielectric microspheres composed of

amorphous materials (e.g. fused silica, PMMA, polystyrene, etc.). I am particularly

interested in the perturbation of long-lived optical modes of the sphere by adsorbates. This is

clearly a many-body problem, and therefore at this time, truth can only come through

experiment. In this thesis I measure this perturbation, and place a theoretical mirror up to my

experimental results.

 Aside from the basic knowledge revealed by our study of the interaction between

molecular adsorbates and a microcavity, the work in this thesis introduces an exquisitely

sensitive device for the detection of molecular adsorbates based on the shift in resonance

frequency of a cavity mode. Based on the agreement between theory and experiment we can

expect our methods to enable the detection of a layer of sub-atomic thickness. Make no

mistake, my interest is in uncovering the underlying physics, however, from what I have

already said it has an interdisciplinary theme, which is exciting to me, and unavoidable.

In what follows I will outline my path and approach: In Chapter 2, I will review the

relevant background. In Chapter 3, I will describe the electrodynamics of long-lived modes of

a microsphere (a.k.a. Photonic Atom modes) through a quantum mechanical analog, and derive

resonance equations. Furthermore, I will derive the Q factor for a Photonic Atom mode, and

discuss how the field decays away from the curved surface. In chapter 4, the effective



18

propagation constants for the dielectric sphere and the optical fiber are presented. Later in

Chapter 4, I will discuss the role which these propagation constants play in controlling the

optical coupling between the sphere and fiber. In chapter 5, I will discuss the interaction

between a molecular adsorbate and the fiber-sphere system, and derive the microsphere

resonance shift by perturbation theory. Based on estimates of this shift a measurement

scheme will be outlined. In Chapter 6, I will describe experimental setup. In Chapter 7,

results of molecular adsorption experiments will be presented. Finally in Chapter 8, I will use

the theory developed in Chapter 5, to interpret my experiments for molecular adsorbates.
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Chapter 2

Background

The spherical microparticles have optical characteristics that have been subject to

study for many years. Richtmyer1 was one of the first to recognize “that suitably shaped

dielectric material can function as electromagnetic resonators for high frequency oscillations”.

These miniature resonators are the host to electromagnetic waves that remain in residence for

many oscillations. For a dielectric sphere waves are wrapped around the interior surface and

return in phase after one revolution. This wave configuration  is often known as a Whispering

Gallery Mode, by analogy with the acoustic phenomena discovered in St. Paul’s Cathedral by

Lord Rayleigh (a.k.a. J.W. Strutt).2 It has also been distinguished as a Mie Resonance, since it

was contained implicitly within the exhaustive electromagnetic theory of plane wave

scattering from a hydrosol particle, by Gustav Mie3. We will provide a more direct

explanation for these resonant modes by analogy with Quantum Mechanics, and from here on

call them Photonic Atom modes.

Photonic Atom modes may be stimulated by the spatially decaying field at the back

of a prism in which light is undergoing “total internal reflection”.4 This decaying field, known

as an evanescent field exists on the outside of all dielectric structures that contain light by

total internal reflection.5  Optical fibers work by total internal reflection, and can be

configured to act as evanescent field sources for coupling to photonic atom modes of

microspheres. This places the microsphere response directly into a photonic system.

 The first experiment to demonstrate the coupling between a microsphere and an

optical fiber, was reported by Serpenguzel et al.6 The researchers used a half-coupler for

which most of the cladding was shaved from one side of a “buried” optical fiber. A

microsphere (30µm diameter) was placed on this coupler within an aqueous droplet, and the

stimulation of the photonic atom modes was observed as shown in Fig.2.1.
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Fig.2.1  Microsphere within an aqueous droplet coupled to the optical fiber.

The core of an optical fiber readily couples its energy into the microsphere when the

frequency of light passing through the fiber matches a resonant mode of the sphere (top). At

resonance, photons enter the sphere and eventually leak out in all directions, causing distinct

peaks in the intensity of light seen coming from the sphere as a function of the wavelength of

laser excitation. [Courtesy of American Scientist7]

One can erode away all of the cladding (locally), and actually erode into the core.8 The

evanescent field decaying from the etched part of the fiber core can stimulate a photonic atom

mode in a microsphere, as shown by the illustration in Fig.2.2. This figure also shows the

coordinates of a dielectric object on the microsphere surface, an added construction which I

will return to in due course.
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Fig.2.2  Photonic atom mode stimulated by the evanescent field surrounding an optical fiber

core. [Courtesy of Optics Letters9]

These photonic atom modes can be detected from dips in intensity transmitted through

the coupling fiber as one varies the optical frequency f.10 As we shall see later on, the product

of the propagation constant and the radius of the sphere (i.e. k0a) must remain constant for a

given mode.11 This implies that an increase in the sphere radius (e.g. due to material accretion

on the surface) would force the mode to shift to a longer wavelength. The sensitivity with

which this shift can be measured depends not only on the increase in sphere size, but also on

the frequency width of the resonant line. This width Δf is the Fourier conjugate of the photon

lifetime τp ; Δf τp = 1/(2π). Thus a long lived mode provides for relatively high sensitivity. It is

conventional to express the lifetime of a mode in terms of the Q, which is defined such that
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τp = Q/(2πf). The Q has been measured to be as large as 1010 in quartz microspheres.12 It has

been estimated by Arnold,7 and Arnold and Teraoka13 that a surface layer as small as 10-11 m

can be readily measured from the shift of a resonance. These authors expect to measure

molecular adsorbates such as protein, pathogens, DNA and virus particles in this way. In fact

recently Vollmer et al have succeeded in detecting one thousandth of a monolayer of Bovine

Serum Albumen (BSA)14 and the hybridization of DNA.15. Others are planning to measure

small gas phase concentrations from the effect which molecular absorption has on the

resonance line-width.16 In the following chapters of this thesis we will develop theory for the

fractional shift in frequency as a consequence of molecular adsorption, and will investigate the

validity of this theory by comparing it directly with experiment.



23

Chapter 3

Photonic Atom Modes

3.1 Electrodynamics of an spherical Particle

Due to total internal reflection photon can skip along the interior surface of the

microsphere. The spherical shape allows the possibility of closed photon orbits17. Thus the

photon continues

a

Fig.3.1  Photon orbit due to total internal reflection.

to circumnavigate until it leaks out or it gets lost within the interior (i.e. by Raman scattering,

Rayleigh scattering, absorption, etc). If the photon returns in phase after each

circumnavigation, the mode can be resonant.18 The description in Fig.3.1 is known as a

Whispering Gallery Mode by analogy with acoustics. We have chosen the term Photonic

Atom mode for the wave description, rather than the conventional term Mie resonance,

because we will analyze the modes by analogy with the Quantum Mechanics of electrons in

atoms.
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3.1.1 Effective Potential Approach

Resonant modes contain photons with quantized angular momentum similar to the

electron in a Bohr atom. In order to determine the exact characteristics of these modes one has

to solve the Electromagnetic  wave equation for a dielectric sphere. In a dielectric microsphere

with no excess charge, the Helmholtz equation is of the form.

∇2E + k2E = 0. (3.1)

Where 

� 

k = ωn(r)/c , is the propagation constant and n(r) is the refractive index. Inspired by

the orbiting image displayed in Fig.3.1, and the spherical symmetry associated with the

problem, we emphasize on the importance of the angular momentum by constructing the

Laplacian Operator; ∇2 =
1
r
∂ 2(r )
∂r2 −

ˆ L 2

r2

⎛ 
⎝ 
⎜ ⎞ 

⎠ 
⎟ , with   ̂

 L = −i( r x∇) . Eqn.3.1 becomes

1
r
∂ 2 (r )
∂r2 −

ˆ L 2

r2

⎛ 
⎝ 
⎜ ⎞ 

⎠ 
⎟ E + k2E = 0 . (3.2)

Considering that the angular momentum operator commutes with its square

(i.e.[ ˆ L 2 , ˆ L ] = 0), a solution to Eqn.3.2 can be written down by examination, E = ˆ L ψ . This is

a so-called TE mode. With this form 

� 

ˆ L  can be factored through, leaving Eqn. 3.2 in the form

� 

ˆ L ∂
2 (rψ)
∂r2 −

ˆ L 2 (rψ)
r2 + k2 (rψ)

⎡ 

⎣ ⎢ 
⎤ 

⎦ ⎥ = 0 . (3.3)

This is a convenient form since it is clear that the vector Helmholtz equation can be satisfied

so long as the scalar equation within the brackets in Eqn.3.3 is set to zero;

∂ 2(rψ )
∂r2 −

ˆ L 2 (rψ )
r2 + k2(rψ ) = 0 . (3.4a)
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Eqn.3.4a can be re-written in the form of a Schrodinger equation. First we set

[r ψ(r) ]= ψ
r(r) Y,m (3.4b)

and use 
  
ˆ L 2Y

, m = (+ 1)Y
 ,m , where  is the angular momentum quantum number and Y

, m is

a Spherical Harmonic function with azimuthal quantum number m. Next we add and subtract

k0
2 ψ

r
 from the left in Eqn.3.4a. With these modifications Eqn.3.4a takes the form

  

� 

d2! r

dr2 +{k0
2 " [k0

2 (1" n2) + ( +1)/r2 ] }! r = 0 , (3.5a)

which is clearly identified as a Schrodinger-like equation, in which the effective energy is k0
2

and the effective potential 19

  

� 

Veff r;k0,n,( ) = k0
2(1− n2 ) + ( +1)/r2. (3.5b)

Eqn.3.5b describes the behavior of light (trapped photon) inside the dielectric

microsphere. The first term in the effective potential is negative and leads to dielectric

confinement of light, while the second centripetal term is repulsive. The sum of these two

terms generates a potential pocket in which photons can be confined. In Fig 3.2 we have

plotted the effective potential for =23, n=1.41, and k0=105 /cm, for a sphere with radius,      

a =1.94 µm.
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(+1)/r2

Veff
l = 23,n= 1.414a = 1.942 µm,

[Ψr /r]
2

r/a

(1-n2)ko
2 

1.0 2.0

a

rmin r2
a

(+1)/r2
(k0,1)2
(k0,2)2

Fig.3.2  The effective potential vs. (r/a) for a photonic mode trapped inside

a dielectric  microsphere.

Solutions for ψ2 at particular values of the effective energy k0
2 show a substantial buildup of

intensity, as seen in Fig.3.2. These solutions can be stimulated to “resonate” using an external

source (i.e. plane wave or evanescent field), and their form conveys a great deal of physical

information. Such resonant solutions are at the heart of our interest in this thesis.

By transforming the independent variable in Eqn.3.5a from radius r to the product of

free space wave vector ko times r, we create an convenient “dimensionless length”, which at

the surface is known as optical size X; X = koa. For a given refractive index n, the optical size

alone identifies the “dimensionless frequency” of a resonance (i.e. as the size changes, the

optical size remains constant).

The first two modes plotted above correspond to the lowest and next higher

resonance with optical sizes, (k0,1 a)=19.42 and (k 0,2 a)=23.46. Note that these modes are not

strictly confined by “classical turning points”. The photon can extend into “classically

forbidden regions” where the effective energy is lower than the effective potential. Most

notably, the probability of locating a photon just outside the particle decays exponentially.

This is the region of the so-called “evanescent field” which will be described in more detail in
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Sec.3.3. This field is responsible for the interaction with macromolecules just outside the

sphere, and is essential for coupling energy into the sphere from a guided wave.

3.1.2 Optical Size

As we mentioned in previous section the optical size is the dimensionless frequency

of a resonance. In Fig.3.2, the abrupt change in height of the potential pocket will set a limit

in resonance position. The upper and the lower limits of the optical size are the direct

consequence of this height because only a limited number of resonance modes can be trapped

inside this “quantum” pocket. To find the lower limit of the effective energy (ko
2)min (i.e. at

the bottom of the potential pocket) we set Veff(a ; n = n1) = (ko
2)min in Eqn.3.5b with the

result;

  

� 

k0
2( ) min

=  ( + 1)
n1a( )2    or      k0 a( )min

=
( + 1)

n1

 (3.6a)

At the top of the pocket, the potential regions with the potential on the outside (see Fig.3.2)

and Veff(a ; n =1) = (ko
2)max, with the result;

  

� 

k0
2( ) max

=  ( + 1)
a2   or     k0 a( )max

= (+ 1)   (3.6b)

So from a potential standpoint the optical size for “confinement” spans the following limits

  

! (! +1)
n1

< koa < ! (! +1) .  (3.7a)

For very large , where we are interested, Eqn.3.7a can be approximated;

  

 +1 / 2
n1

< X <  +1/ 2. (3.7b)

Since we are dealing with wave which can penetrate into the classically forbidden region the

actual resonance positions in optical size will never be at the exact top or bottom of the range.
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Physically  is the number of waves that circle the interior near the surface and return

in phase. On the other hand the optical size is the particle circumference divided by the free

space wavelength, and therefore will not be an integer. For example in Fig.3.2, for  =23, the

optical size for the lowest order mode is X = 19.42.

Eqn.3.7 sets the limits for the optical size for a dielectric sphere surrounded by air,

however as we shall see later on, our experiments are performed in a liquid with refractive

index n2. Appendix A covers this more general case, for which Eqn. 3.7 b is replaced by;

  

 + (1 / 2)
n1

< X <  + (1 / 2)
n2

. (3.8)

In the next section we calculate the “exact” positions of TE modes.

3.1.3 TE Modes and Resonance Equation

In order to determine the form and optical sizes of the TE modes we have to solve

Eqn.3.5a, which can be re-written in terms of a “dimensionless length” as

  

d2ψ r

dy2
+ [1− ( +1)

y2
]ψ r = 0 (3.9)

Where y = nkor. This is the Riccati-Bessel equation. It has two solutions known as Riccati-

Bessel functions. The interior solution includes a so-called Spherical Bessel

function,
  
 j

(n1k0 r) , while the exterior solution contains a Spherical Hankel function,

  
h


(1) (n2k0r) . For a sphere in free space the appropriate wave functions inside and outside the

sphere are;

  
ψ r ,in = a inn1k0 r j


(n1k0r)         r < a (3.10a)

  
ψ r ,out = aoutk0r h 

(1) (k0 r)        r > a (3.10b)
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Where ain and aout are constants. The associated TE fields are20;

  

E = ain
ˆ L ψ (r)

r
Y
m

⎡ 
⎣ 

⎤ 
⎦ 

= ainn1ko j

(n1ko r) ˆ L Y

, m      r < a  (3.11a)

  

E = aout
ˆ L ψ(r)

r
Y
m

⎡ 
⎣ 

⎤ 
⎦ 

= aoutkoh 
(1) (ko r) ˆ L Y

 ,m       r > a. (3.11b)

One can verify that Eqn.3.11a and 3.11b are TE modes, for which the electric fields

have only angular components by projecting each of the fields onto 

� 

ˆ r .

Using Faraday’s Law in harmonic form, ∇xE =  iωB  (the field assume to oscillate as

e-iω t), the corresponding magnetic fields arrived at from Eqns.3.11 are;

  
B = -(i / ω) a in∇x[n1ko j


(n1kor) ˆ L Y

,m ]  for  r < a (3.12a)

  
B = -(i / ω) aout∇x[koh 

(1) (ko r) ˆ L Y
, m ].   for  r > a (3.12b)

To find the positions of the resonances we must match the fields in Eqns. 3.11 and 3.12

at the boundary. In particular, the tangential components of both the electric field and

magnetic fields must be continuous. Using Eqns. 13.11 and the condition on the electric field

we find by inspection that

  
ain  n1j (n1X) = aout h 

(1) (X) (3.13)

where X =koa. Matching the boundary condition for the magnetic intensity is a bit more

difficult. To simplify things we will concentrate exclusively on the polar angle component

(i.e. θ);

Bθ a<
= Bθ a> (3.14)

which from Eqns.3.12 is
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ain[ˆ e ! ." x[n1 j


(n1kor) ˆ L Y

 ,m ]]r =a = aout[ˆ e ! ." x[h


(1) (kor) ˆ L Y
,m ]]r=a   (3.15)

where   
 e θ  is the unit vector. The dot product on the left can be evaluated, with the result

  

ˆ e θ .∇x[n1j(n1kor) ˆ L Y
,m ] = i

r
∂
∂θ

(Y
 ,m ) ∂

∂r
[n1r j (n1kor)] (3.16)

So together with the boundary condition (Eqn.3.15) we find

  
ain n1X j


(n1X)[ ]! = aout X h



(1) (X)[ ]! (3.17)

where the prime on the right of each bracket indicates that derivatives are to be taken with

respect to the argument of each function, e.g.

  

n1X j

(n1X)[ ]′ = { d

d(n1k0r)
[(n1k0r) j


(n1k0r)]}r =a (3.18)

Combining Eqns.15 and 20, we find the transendental equation for the position of TE modes;

  

[n1X j

(n1X) ′ ] 

 j

(n1X)

=
[X h



1 (X ) ′ ] 
 h


1(X)
. (3.19a)

In general the roots of this equation will be complex indicating that the system is not

Hermitian (i.e. the modes are virtual; there is leakage). We will call the solutions to this

equation resonances, by convention, even though we have not been describing a driven

system. For a given refractive index n1 and angular momentum quantum number l the roots of

Eqn.13.19a will be the complex resonance pole positions corresponding to different orders, s.

For example considering the previous case of  l =23 with refractive index n1 =1.41 and having

in mind that the resonance roots must lie between 16.31<X <23.5 the calculated roots are

X1=19.4708- 0.01981 i (i.e. TE 23,1) and X2=22.6256- 0.20177 i (i.e. TE 23,2). We shall see

later on that the resonance with larger imaginary part will decay faster, hence will exhibit

lower quality factor Q.
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Eqn.3.19a corresponds to a dielectric sphere surrounded by air. However, when air is

replaced by a material of refractive index n2, according to appendix B, the Eqn.3.19a will

change to;

  

n1X j

(n1X)[ ]′

j

(n1X)

=
n2X h



(1) (n2X)[ ]′
h


(1) (n2X)
. (3.19b)

To summarize the quantization of the resonances, in Fig.3.3 we have plotted the

optical size X versus angular momentum quantum number . As we can see resonances can

occur in vacuum between the limits /n1<X<. As  increases, there are more solutions,

which can fit into the pocket potential (i.e. larger order numbers s qualify, see Fig. 3.2).

X = 

X = /n1

X



s=1

s=3

etc.

1

TE modes

Fig.3.3  Resonance diagram; Optical size X vs.  (  is not continuous). For a given , the

optical size has possible solutions between the two allowed limits. For a particular , there

are resonances with different order numbers, s.
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For the case where n2 is not vacuum, the limitation on the optical sizes of resonances will

follow from Eqn.3.8. When the microsphere is immersed into the water the upper limit on X

will be /n2 rather than simply . Having a silica sphere with refractive index n1=1.46 dipped

in water will limit the resonance positions for =100, 68.36<X<75.56, as compared with

immersion in air for the limits on X are 68.36<X<100. In Fig.3.4 we have made a comparison

between the resonance position limits for a sphere immersed either in water or air. Notice that

there is less “space” in optical size for a resonance to form when the microsphere is

surrounded by water.

Xmax (n2=1)



n1=1.46

Xmin

Xmax (n2=1.33)

X

0 50 100 150 200

0

50

100

150

200

  Fig.3.4  Resonance diagram; Optical size X vs.  (  is not continuous). The upper limits
 correspond to n2 =1.33 and n2 =1.0.

So far in this section, we have shown that one can find the position of the resonances

for a particular mode by solving the transcendental Eqns.3.19, for an optical size X. However

one can find the X values much more rapidly using an approximate algebraic equation derived

by Lam et al.21 The result for TE modes of a microsphere in vacuum (~air) in the limit of large

,  accurate to O(1/) is
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� 

n1X ,s = ( + 1/2) − 2−1/ 3α s (+ 1/2)1/ 3 −
n1

(n1
2 −1)1/ 2 + ( 3

10
2−2 / 3)αs

2 (+ 1/2)−1/ 3 + O(( + 1/2)−1) .

(3.20a)

Where αi is the root of the Airy function corresponding to the ith mode order. If the

microsphere is a medium with refractive index n2, Eqn.3.20a can be written

  
n1X! ,s = ( ! + 1 / 2) − 2−1/3

αs (! + 1 / 2)1/3
−

n1 / n2
[(n1 / n2 )2 − 1]1/ 2 + (

3

10
2−2/3)αs

2 (! + 1 / 2)−1/3
+ O(( ! + 1 / 2)−1)

. (3.20b)

Eqns.3.20 have many useful applications that we shall explore later. One can examine the

validity of Eqn.3.20 to the first order by considering the angular momentum of a photon

inside the dielectric sphere of refractive index n1, as shown below,

  
L = rmin  P = rmin (n1k0 ) ≈  ( +1). (3.21a)

a

rmin

Fig.3.5  Photon traveling within the inner surface of the sphere.

Setting rmin~ a the sphere radius, and assuming  to be large, one can use Eqn.3.21a to

establish;

  

� 

n1X ≈ ( +1/2), (3.21b)
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which is the leading order result in Eqns.3.20.
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3.2 Quality Factor of Dielectric Microsphere

3.2.1 General Discussion of Q

In the previous section we found out that the roots of the resonance equation are

complex. We shall see in this section that the quality factor of a dielectric microsphere is

related to the ratio of the Real to Imaginary part of the resonance root for a particular mode.

A photonic atom coupled to a guided wave in an optical fiber behaves as a resonator,

and is naturally characterized by parameters that typically describes both resonators and

freely decaying oscillators. Key among these parameters is the quality factor. It is a

parameter associated with a freely decaying oscillator. A freely decaying mode loses energy

exponentially. The quality factor Q is the total energy divided by its loss in one angular cycle

(considered as the loss in 2π radians),

Q = 2π energy stored
energy dissipated per cycle

. (3.22)

Mechanical resonators are usually the first we study in physics, and are closest to our

“common sense”.  We will attempt to understand the relationship between quality factor and

frequency in the complex plane for the freely decaying damped oscillator pictured in Fig3.6.

m0

ks

cd
z

Fig.3.6  Mechanical system with damper and spring.

The dynamical equation of motion is

m0
d2z
dt2 + ks z + cd

dz
dt

= 0 (3.23)
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Using the standard method for solving linear differential equations, and setting z = z0e
iω t we

obtain

 -ω2 + ω0
2 - iγω =0,  (3.24)

where ω0
2 = ks /m0 , and γ = cd/m0 . The solutions for ω are

ω = ±  ω0 (1− γ 2

4ω0
2 )1/ 2 − i

γ
2

, (3.25)

So the solution gives real and imaginary parts for the frequency. For weak damping  γ << ω0

the expression within the square root in Eqn. 3.25 will be approximated as 1, and thus

ω = ±  ω0 − i
γ
2

. Fig.3.7 shows the positions of these complex poles

-ω0 +ω0
Re

Im

−γ/2

Fig.3.7  The complex frequencies of the damped mechanical oscillator.

For an oscillator started at rest with a displacement z0 the solution for the subsequent motion

is

� 

z(t) = z0 e
−
γ
2

 t
cos(ω0t). (3.26)
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According to Eqn.3.26 the energy for this system decays in one period T from (1/2)k z0
2 to

(1/2)k(z0e-γT/2)2 . Following the definition of Q (Eqn.3.22), one can calculate the quality factor

for this system in the weak damping limit;

Q =  2π 1
1- e- γT ≈

ω 0

γ
. (3.27)

Notice that the quality factor in Eqn.3.27 is the ratio of the real component of the

frequency pole to twice the imaginary component of the frequency pole. Now let us recall the

transcendental equation, Eqn.19a. This equation can be written in the form,

  

n1X j

(n1X)[ ]′h (1) (X) − X h



(1) (X)[ ]′ j(n1X)⎛ 
⎝ 

⎞ 
⎠ = 0 , which is similar to the characteristic

equation of the spring system discussed (Eqn.3.24). The roots of this equation are complex as

discussed in previous section (i.e. X = XR + i XI). Therefore by analogy with the damped

oscillator (Eqn.3.27)

Q =
−Re[X ]
2Im[X]

. (3.28)

The real and imaginary parts of the resonance position are obtained by satisfying Eqn.

3.19a. As a numeric example, consider the two allowed resonance roots of the TE mode with

quantum number =23 discussed in previous section, X1=19.4708- (0.01981)i and

X2=22.6256- (0.20177)i. Using Eqn.3.28 the Q factor for each resonance mode will be, Q1~

491 and Q2~56, respectively. Qs of this magnitude are extremely low due to very small

quantum number . For a high order , the magnitude of the imaginary part of the resonance

root will be much smaller than the real part, therefore Q will be much larger. This is an

indication that a photon inside a microparticle can circumnavigate many times before it leaks

out.

Relying on the transcendental equation for the resonance poles is functional but not

physical. A more physical approach, which ultimately provides insight, can be assembled by

from the photonic atom picture. In what follows we attempt to use this approach to estimate

the intrinsic leakage rate, and the associated Q.
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3.2.2 Intrinsic Leakage Rate using a Photonic Atom Approach

One can obtain an approximate algebraic expression for the optimal Q factor using the

photonic atom approach. This requires combining the potential concept in Fig. 3.2 with the

geometrical concept in Fig. 3.5. We have reproduced parts of each of these figures in Fig.3.8

in order to give clarity to the derivation.

Veff l(l+1)/r2

[Ψr /r]
2

r/a
2.0

ko
2

1.0

rmin

a

Fig.3.8 Geometrical and effective potential photonic atom concepts combined
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In Fig.3.8 we imagine a particle bouncing off the spherical surface (red vectors), with

its radial projection confined between classical forbidden regions ( r < rmin and a< r <r2). Such

a particle will have a finite probability of tunneling through the outer barrier and “freeing”

itself (i.e. leaking). The photon decay rate will be the product of the rate at which the barrier

is visited (attempt rate f) times the tunneling probability Pr.

Let’s first compute the attempt rate f. The time for the particle to make a round trip

between the classical barriers is obtained from the time to cover two legs of the polygon. This

time t is easily computed. From the geometry in the orbital picture t =[2(a2-rmin
2)1/2]/(c/n1). Its

inverse, the frequency of collision with the barrier, is f=c/[2n1(a
2-rmin

2)1/2], where c is the

speed of light. The radius of the inner barrier rmin is obtained, in terms of the angular

momentum, from the effective potential (Eqn.3.5b) by equating the effective energy k0
2 to the

potential. The result is rmin = [(+1)]1/2 /(k0n1). The attempt rate is therefore f=c/{2n1[a
2-(

L/(k0n1))
2]1/2}, where L=[(+1)]1/2.

The tunneling probability Pr is obtained by analogy with Quantum Mechanics. For a

quantum mechanical system the probability for a particle with inertia to tunnel through a

radial barrier is (see Fig.3.2);

  Pr = e
-2 (2m /  2 ) [V (r)-E]1/2 dr

a

r2

∫
, (3.29)

where m is the mass and E is the energy. The analogy between photonic atom and quantum

mechanics will be such that E = k0
2, V(r) = Veff, where for this particular case,

  
V eff r > a, n = 1,( ) = L2

r2  , with   [L
2 = ( +1)]  and 

  
(2m0 / 

2 ) =1 . Having said this, the

probability will be;

Pr = e
-2 [V eff -k 0

2 ]1/2 dr
a

r2
∫

= e
-2 [(L

r
)2 -k0

2 ]1/ 2 dr
a

L/ k0

∫
. (3.30)

Therefore,
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γ = c

2n1 a2 − ( L
k0n1

)2
e
-2 [( L

r
)2 -k0

2 ]1/2 dr
a

L/ k0

∫
. (3.31)

Finally Q is simply ω/γ,

Q(L,X) = 2n1 (n1X)
2 − L2e

2 [( L
ξ
)2 -1]1/ 2 dξ

X

L

∫
(3.32a)

The integration is accomplished in a few milliseconds by Mathematica22 with the result

Q(L,X) = 2n1 (n1X)2 − L2 •exp{2[L ln(L + L2 + X 2

X
) − L2 − X 2 ]}, (3.32b)

In Eqns.3.32 the quality factor depends on  and X. For a given  and order number s, X can

be calculated from Eqn.3.20.  In Fig.3.9 we have plotted the Q vs.  for the refractive index of

quartz (n=1.47), for three different mode orders (s = 1,2,3). As one can see, when the mode

order s decreases, so does Q. The plotted values of Q, which are accurate to better than a

factor of 2, are seen to vary over 14 orders of magnitude for  changing from 40 to 155.

These calculations are for the optimal Q, the quality factor limited only by leakage.

They agree well with experiments when the microspheres are small. Measurements on

glycerol particles 20µm in diameter yield values of Q of 6.9x106,23 in comparison with our

projected value of ~1023. The disparity is due to the molecular underpinning of our sample.

Molecules absorb light and scatter light. Absorption can be included by introducing a round

trip loss for the light circumnavigating the particle. The loss for glycerol reduces the Q to 109.

The remaining two order of magnitude disparity which is left is thought to be due to surface

roughness produced from the basic molecular discreteness and thermally induced capillary

ripples.
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Fig.3.9  Quality factor vs.  for three mode orders(s1 ,s2 and s3 ).

A more general calculation of the quality factor for a sphere immersed in a medium

other than vacuum (e.g. water) requires rewriting the effective potential and inserting it into

Eqn.3.30 (See appendix C). The result is.

Q(L,X) = 2n1 (n1X)
2 ! L2e

2 [( L
"
)2 -1]1/2 d"

n2X

L

#
(3.33a)

Or,

Q(L,X) = 2n1 (n1X)2 − L2 •exp{2[L ln(
L + L2 + (n2X)2

n2X
) − L2 − (n2X)2 ]}.       (3.33b)
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When the air is replaced by a liquid of refractive index n2, Qs are reduced substantially

since the height of the barrier in Fig.3.2  is reduced; the photon tunneling rate is increased. To

demonstrate this, in Fig.10 we have plotted the quality factor vs.  for two different media, air

and water. It is clear that the Q will be reduced greatly in the presence of water.
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Fig.3.10  Quality factor vs. ; a comparison between air and water.

The resonance Q which we have derived is related to the ideal line-width of a mode,

i.e. Δω = ω/Q. This line-width will control the ultimate sensitivity for the detection of

adsorbates, a fact which will become apparent in chapter six.  
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The adsorbate experiments to be reported on in this thesis are for considerable larger

spheres (150µm radius) than those considered in Fig. 3.10. A more relevant plot of Q requires

that the angular momentum be extended to ~1000. Such a plot is shown below (Fig.3.11).

Note that Q rises well above 107. Our experiments of λ ~1.3µm in water show no resonances

with Qs this large. Τhe principle effect that has been ignored is the loss of energy from the

mode due to optical absorption. For a microsphere in air Qs as large as 1010 have been

reported.12 Consequently the absorption by quartz can be ignored. However, water has non-

negligible absorption at 1.3µm,24 and losses are produced by the interaction of the evanescent

field of the mode with the environmental water. This in turn limits the measured Q to ~106.

The horizontal dashed line in figure shows this limitation.
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Fig.3.11  Quality factor vs.  for the first order resonance mode for loss-less

water(QL) and for water having realistic losses(QL,a); water absorption outside the

sphere limits the quality factor.
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The total quality factor may be separated into a leakage component (QL) and an absorption

component (Qa),

� 

1
QL,a

=
1
QL

+
1
Qa

. (3.34)

It can be shown that the quality factor due to absorption at the surface may be expressed as

Qa=2πn2/(αaλfme), where fme is the fraction of the mode energy outside of the sphere (i.e. in

the evanescent field). To derive this equation one needs to consider the energy of the cavity

mode in terms of the electric field and susceptibility. Then having the relation, 

� 

˙ w = −γ w  and

Q=ω/γ, where 

� 

˙ w  is the rate of change of energy of the dielectric sphere, leads to quality

factor due to absorption. The total quality factor due to leakage, and water absorption by the

evanescent field is shown in Fig.3.11. At λ=1.3 µm, the water absorption coefficient

αa=1.08/cm, so that for a reasonable value of fme (0.06 for large values of )25, Eqn.3.34 gives

QL,a ~1.2 x106.

Our scheme for adsorbate detection is of no value if the mode is not stimulated. To

understand how to fill the mode with energy using a guided wave requires that we determine

the extent to which the mode can be stimulated from the outside. This requires understanding

the spatial range of the evanescent field. In the next section we will estimate this range.

3.3 Evanescent Field outside the Microsphere

In section 3.2 we indicated that the radial wave function associated with photonic

atom mode demonstrates peaks inside the microsphere while it decays approximately

exponentially in the evanescent region, a < r < r2 (Fig. 3.2). In this latter region the energy

from a guided wave can couple into the dielectric sphere. The temporally oscillating field in

this region can also interact with macromolecules, leading to a perturbation of the mode

properties. In chapter 4 we’ll use the concept of “effective propagation constant” to describe

the coupling between a micro-dielectric sphere and a guided wave. Before we proceed with
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the physics of coupling in chapter 4, we’ll briefly talk about the field within and just outside

the dielectric sphere. The field intensity of the first two modes for a particular microsphere

are already depicted in Fig.3.2. To make the matter simple, we consider the first mode where

the intensity reaches a maximum value within the sphere and then decays exponentially in the

evanescent region. In order to find an analytical expression for the decaying part of the field

outside the sphere, we recall Eqn.3.5a, the analog Schrodinger equation already discussed in

the first section of this chapter,

  

d2ψ r

dr2 +{k0
2 − [k0

2 (1 − n2 ) + (+1) / r2 ] }ψ r = 0 . (3.35a)

To solve Eqn.3.35b for outside the sphere, the refractive index n has to be replaced by n2, for

the outside medium and since the spatial decay in field is very rapid and over a considerably

smaller length than the size of the sphere, r will be replaced by a, (sphere radius),

  

d2ψ r

dr2
+ [n2

2 k0
2 −
(+1)
a2

]ψ r = 0. (3.35b)

Eqn.3.35 has two solutions. One corresponds to a wave function increasing exponentially and

other decaying exponentially. The later is a valid solution for a decaying field outside the

sphere. We recall the electric field E = ˆ L ψ  and also from Eqn.3.4b, 
  
ψ (r) = ψ r (r)

r
Y
,m

therefore

  
E ≈ A e

-
(+1)

a 2 −n 2
2k 0

2 r

r
ˆ L Y

, m. (3.36a)

Taking the k0
2 outside the radical and using approximation, [( +1)]1/2 ~ (+1/2) gives

  

� 

E ≈ Ae
-k 0 (

+1/ 2
X

)2 −n 2
2r

r
ˆ L Y
,m . (3.36b)
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Where X=koa. In an asymptotic limit of very large l , n1 X ≈ l + 1/2 (Eqn. 3.21b). So one can

replace (l + 1/2)/X by a refractive index. However, such an asymptotic limit would require a

sphere of infinite radius. It is important at this point to be more realistic. Fortunately the

equations developed by Lam et al enable us to do this (Eqns.3.20). Thus we define the ratio (l

+ 1/2)/X as an “effective refractive index” neff ;

  

n eff =
( + 1 / 2)

X
,s

= n1 − [2−1/3
α s ( +1 / 2)1/3

+
n1

(n1
2 − 1)1 /2 − (

3

10
2 −2 /3)αs

2 ( + 1 / 2)−1/3
− O(( + 1 / 2)−1 )] .

(3.37a)

And if the air is replaced by water,

  

neffw =
(  + 1 / 2)

X ,s
= n1 − [2

−1/3
α s ( + 1 / 2 )

1/3
+

n1 / n
2

[( n
1

/ n
2

)2 − 1]1/2
− (

3

10
2
−2 /3

)αs
2

(  + 1 / 2)
−1/3

− O(( + 1 / 2)
−1

)].

(3.37b)

This effective refractive index neff is  dependent and for very large values of  (as we shall

investigate in detail in later chapters) it will approach n1. Rewriting Eqn.3.36b once more,

  

� 

E ! Ae-k 0 neff
2 " n 2

2r

r
ˆ L Y
,m . (3.38a)

In the asymptotic limit

  

� 

E ≈ Ae-k 0 n1
2 −n 2

2r

r
ˆ L Y
,m . (3.38b)

Eqn.3.38b clearly shows that the field just outside the microparticle fall of in an

approximately exponential fashion. The relative intensity at a particular location outside the

sphere is
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E(r)
E(a)

2

≈ e-2k0 n eff
2 − n2

2 (r -a )(a
r
)2 . (3.39a)

In the asymptotic limit

� 

E(r)
E(a)

2

! e-2k 0 n1
2 " n 2

2 (r-a)(a
r
)2, (3.39b)

for which the characteristic length Lc for the intensity to fall to 1/e of its surface value is

� 

Lc =1/(2k0 n1
2 − n2

2 ) (3.39c)

Using Eqn.3.39 one can calculate the decay of the evanescent intensity starting from

the spherical surface. In Figs.3.12a we have plotted surface normalized intensity for a

microparticle of radius a=142 µm exposed in air (n2=1), resonating at  =1000, with refractive

index n1 =1.47. Just one tenth of a micrometer outside the surface the intensity decays to

approximately 35% of its surface value. The exact solution is also displayed (Using

Eqn.3.11b). Lastly, we consider a second medium different than air (i.e. n2=1.33, water). In

this case the intensity decays slower. At δ ~0.1 µm above surface, the percentage decay is

about 54% .
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Fig.3.12a  The normalized intensity outside the sphere for n1=1.
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Fig.3.12b  The normalized intensity outside the sphere for n2=1.33.

In this chapter so far we have discussed the photonic atom modes of a dielectric

microsphere and the mode quality factors. Afterward we talked about the evanescent field

just outside the microsphere. Coupling will be best if the fiber-sphere system is “phase-

matched”.26 Accordingly we would like the “wavelength of field along the surface” of the

fiber (i.e. length along the surface corresponding to a 2π radian phase change in the field) to

match the wavelength of field along the surface of the sphere. To understand the phase-

matching we will introduce an effective propagation constant in the next chapter.
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Chapter 4

Effective Propagation Constant

The spatial changes in field along the surface of a sphere must be similar to the spatial

changes in field along the surface of an optical fiber for the best coupling. For this purpose it

is desirable to make the spatial frequency of each of these fields the same. These spatial

frequencies will be known as “effective propagation constants (EPC)”. In this chapter we

first discuss the EPCs for the Photonic Atom Modes of a dielectric sphere. Following this the

wave propagation in a step index fiber will be revealed, and its EPCs will be evaluated. The

EPCs of both components are size dependent. By using the matching condition at particular

wavelengths one can establish a relation between the size of the sphere and the width of the

coupling fiber. This will enable us to enhance fiber-sphere coupling and consequently

improve experimental result.

To have a preliminary understanding of the effective propagation constant and

“effective wavelength” consider an electromagnetic field with interior wavelength λin,

propagating with an incident angle θ  inside a dielectric slab as shown below (Fig.4.1).

θ
θ

λs

λin

nin

Fig. 4.1  The electromagnetic wave propagating inside  a slab having refractive index, nin .

This electromagnetic wave is composed of wave fronts which are separated by  λin within the

bulk of the slab, and the projection of these wavefonts on the surface leaves a larger effective

wavelength λs as shown in Fig.4.1. The  projected surface wavelength λs can be expressed in

terms of incident wavelength by

λ s =
λin

Sin(θ )
. (4.1)
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Using Eqn.4.1, one can define the effective propagation constant near the surface as

βeff = 2π
λ s

= 2π
λ in

Sin(θ ) = 2π n
λ 0

Sin(θ ) = nk0Sin(θ ) = k0neff , (4.2)

where, kin = n k0 and equivalently the effective refractive index is

� 

neff =
βeff
k0
. (4.3)

Eqn.4.3 is an indication that the electromagnetic wave near the surface of the medium

experiences an effective refractive index that is different than the nominal refractive index. In

the following sections we’ll derive the effective values of the propagation constant and

refractive index for a dielectric sphere and a single mode index fiber.

4.1  Effective Propagation Constant in a Dielectric Sphere

The ray optics of a photonic atom mode inspires a similar analysis for the effective

propagation constant.

a r

λs

λin

Fig.4.2  Photon travelling inside a dielectric sphere with its “projected wavelength” at surface.
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The light inside the sphere with wavelength λin forms a caustic at radius r (see

Fig.4.3), with a “projected wavelength”  λs at the surface.

a Ra

r

caustic

Fig.4.3 Caustic and Ray path

The two wavelengths can be related;

λs
λ in

=
a
r
, (4.4a)

and therefore,

� 

βeff = kin
r
a
. (4.4b)

Using Eqn.4.4b one can express the angular momentum of the photon in terms of βeff,

  

� 

L = r p = r( k in) = rkin =  a βeff . (4.5a)

On the other hand

  
L =  (+ 1) ! (+1 / 2),      for large . (4.5b)

Therefore Eqns.4.5 give

  

� 

! eff = k0
+1/2
X

=
 +1/2
a

, (4.6a)

where X = k0a, is the optical size, from which the effective refractive index is
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neff =
βeff
K0

=
 +1 / 2
X

. (4.6b)

Eqn.4.6a and Eqn.4.6b indicate that the effective values of the propagation constant

and refractive index for a photon travelling inside the dielectric sphere is angular momentum

dependent. The effective refractive index as expressed in Eqn.4.6b can be evaluated27 using

the equation by Lam et al21 which relates X to  (Eqn. 3.20, see also Eqn.3.37). In Fig.4.4a and

4.4b we have plotted neff for first order TE modes as a function of the  in the infrared and

visible regions, respectively. In Fig.4.4a, the effective refractive index approaches n1

(i.e.,1.47) at very large values =3000. This is consistence to rays propagating nearly tangent

to the surface.

0 500 1000 1500 2000 2500 3000
1.4

1.41

1.42

1.43

1.44

1.45

λ=1.55 µm
n1=1.47

n2=1

n2=1.33

n ef
f

!
Fig.4.4a  Effective refractive index as a function of  in the infrared region for an sphere.
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Fig.4.4b  Effective refractive index as a function of  in the visible region for an sphere.
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In Fig.4.5a and 4.5b we have plotted the effective refractive index as a function of the

sphere radius.
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Fig.4.5a  Effective refractive index as a function of sphere radius in the infrared region.
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Fig.4.5b  Effective refractive index as a function of sphere radius in the visible region.
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In the next section we’ll talk about the corresponding effective values of refractive

index and the propagation constant for a step index fiber and later will try to match the

effective values of both components.

4.2 Wave Propagation in an Step Index Fiber and the Coupling with

the Microsphere

In Fig. 4.6 we show a typical step index optical fiber.

Core n1 Z

n2

ρc

Fig.4.6  Step index optical fiber having refractive indices n1 and n2 in its core and cladding

respectively.

The effective propagation constant for such a fiber has been discussed briefly by Knight.26

The propagation constant depends on the radius ρc of the fiber core. Knight used an

approximation to describe this size dependence;

βeff = n1
2k0

2 - (2.405
ρc

)2 (4.7)

where k0 is the vacuum wave number, and n1 is the core refractive index. In Fig.4.7 we have

plotted the effective refractive index neff = βeff/k0 (Eqn.4.3). as a function of core radius. Note

that the effective refractive index approaches core refractive index as core radius increases.
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n e
ff

Fiber Radius,  mµ

λ=1307.4 nm
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1.38

1.4
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1.44

1.46

n1=1.4677

λ=1307.4 nm

Fig.4.7 Effective refractive index as a function of core radius using Knight approximation.26

The degree to which this simple expression is approximate can be understood by working

through Maxwell’s equations. We will briefly review some of the principle results which arise

from this analysis on the way. The solutions for the fields in the cylindrical geometry of the

step-index fiber (Fig.4.6), with symmetry axis z, have the general form28

E = E0 (ρ,φ) e i(ω t -β z ) (4.8a)

H = H0 (ρ, φ) ei (ω t-β z) (4.8b)

where β is the propagation constant in z direction. The amplitudes E0(ρ,φ )  andH0 (ρ,φ)   are

the solutions to well-known differential equations. The axial (i.e. z) components of these

fields correspond to Bessel functions. The z components of the electric and magnetic fields

inside the core and cladding are Bessel functions J

 (Bessel function of the 1st kind) and K



(Bessel function of the 2st kind), respectively. The other tangential component at the interface

(i.e. the φ component) is a bit more complicated, since it involves a sum of Bessel functions

and their radial derivatives28. A formal boundary value solution for a step index fiber requires

that the tangential components of E and H on either side of the core-cladding boundary (i.e. z



56

and φ components) be the same. This condition results in the following transcendental

equation,29

  

[  J


' (k t1ρc )
kt1ρcJ(kt1ρc )

+
 K


' (k t 2ρc )
kt 2ρcK 

(kt2ρc)
] [  n1

2J


' (kt 1ρc)
kt1ρJ


(kt1ρc )

+
 n2

2K


' (k t2ρc)
kt2ρcK(kt2ρc)

] = 2[ 1
(kt1ρc )2 +

1
(kt 2ρc)

2 ]2 (  β
k0

)2.

(4.9)

The kt1 and kt2 in Eqn.4.9 are the transverse propagation components in both regions. These

propagation components are simple functions of β

� 

kti
2 = ni

2k0
2 −β2, (4.10)

which one can discern from the vector triangle

β

kti
ni.k0

Fig.4.8  Transverse and longitudinal propagation components.

By solving the transcendental equation (Eqn. 4.9) with the subsidiary equations (Eqn.4.10

with i =1,2) we arrive at the exact propagation constant as expressed in terms of an effective

refractive index  neff = βeff /k0. Fig 4.9 shows the results (marked exact) for a fiber in air and

for a fiber in water at our experimental wavelength (1307.4 nm).
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Fig.4.9  Effective refractive index as a function of fiber radius in the infrared.

We have also plotted Knight’s approximate equation for an air cladding. All of the curves

show the same qualitative features. Clearly, the effective refractive index is smaller than the

actual refractive index, and this disparity increases as the fiber is reduced in diameter. In

addition the effective refractive index is reduced as the surrounding refractive index is reduced.

Knight’s approximate equation is off by less than 1% down to a radius of 1.25 µm, and

underestimates the effective refractive index. We believe that the air result lies under the water

because the electromagnetic energy samples the exterior, and that this sampling grows larger

as the fiber radius to wavelength ratio is reduced (i.e. the evanescent field extends further).

For a fixed spatial separation, coupling between a microsphere and fiber is increased

as the neff values of both materials approach each other. It is possible to fine-tune this

interaction by picking the sphere and fiber radii for which Δβ = k0(neff,sphere- neff,fiber) = 0. In

what follows we will investigate whether this ideal can be reached.

4.3 Coupling with the Microsphere

In previous sections of this chapter we calculated the effective refractive indices of the

dielectric sphere and step index fiber. For the best coupling, one might expect these effective

refractive indices to agree. This criteria, known as phase matching, is only one part of the
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story. Little, Laine and Haus (LLH)30 have calculated the coupling coefficient κ between a

guided wave in a fiber and a photonic atom mode of a sphere touching the fiber. This

coefficient κ is the ratio of the field added to the photonic atom mode in one revolution to the

field in the fiber. Its square, the ratio of the power added per revolution, is given by

(4.11)

where, Li  is the interaction length between the guided wave in the fiber and the photonic atom

mode of the sphere, and κτ(a) is the transverse coupling constant for the sphere in contact

with a fiber of radius a. The value of phase matching (i.e. Δβ =0) is also clearly seen. Its role is

significant in the coupling process since it enters as (Δβ)2 in the exponent in Eqn.4.11.

However, both Δβ  and κt
2(a) are dependent on the fiber radius, and each of these effects must

be considered. In general the pre-factor κt
2(a) represents the ratio of energy outside the fiber

to the total energy in the fiber mode. This pre-factor therefore increases as the radius of the

fiber decreases, and plateaus as a/λ 0; the energy moves into the cladding in this limit.

Therefore the optimal coupling constant will not strictly occur at Δβ =0, as we will see

through numerical calculations.  In what follows we will estimate the coupling length Li and

present numerical calculations of the coupling coefficient, for our experimental parameters.

The coupling length is highly dependent on the fiber-sphere geometry (Fig.4.10).

x

z

x'

Side

y

x

x'

Front

Fig.4.10 Views of the fibers-sphere with coordinates defined in Fig. 2.2.
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At closest approach to the fiber, the sphere’s surface is separated from the center of the fiber

by the fiber’s radius ρ. As one moves along the fiber (see Fig.4.10), a gap grows

parabolically; x’ = ρ + y2/(2a). With this description it is possible to calculate the interaction

length.

Let’s take a simple point of view and assume that the system is phase matched and

that the interaction length is considerably larger than a wavelength. In this circumstance we

can imagine photons tunnel through the gap with a probability which simply depends on the

gap separation x’- ρ = y2/(2a), and is proportional to Exp[-2γf(x’- ρ)]. Consequently, the

tunneling interaction length along the fiber is

Li( )2 =
e-2γf

y2

2a

−∞

∞

∫ y2dy

e-2γ f
y2

2a

−∞

∞

∫ dy

(4.12)

Eqn.4.12 is easily evaluated with the result Li = a / (2γ f ) . For the lowest order mode at

grazing incidence, γf = k0
 (n1

2 – n2
2)1/2. For a quartz sphere in a water and a wavelength of

1.3µm, γf = 3.0 µm –1. Therefore a nominal sphere having a  radius a=150µm will interact with

a fiber guided wave over 9.9µm. This may not seem to be such a short length until one

realizes that at a light speed along the fiber, 2x108 m/s, a photon will traverse this interaction

length in 4.5x10-14s!! Now, on to the calculation of the coupling constant.

First we display our calculations of the β/k0 (a.k.a. neff, effective refractive index) for

both a silica fiber and sphere in water(Fig. 4.11)
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Fig.4.11 Effective refractive index as a function of sphere and fiber radius in water

We see from the above figure that in a region extending from 90µm to 160µm the effective

refractive index of the first order sphere mode and the lowest order fiber mode appear to

coincide. This is very convenient since our experimental radii will be near 150µm. Choosing

this nominal radius, we calculate the coupling constant as we vary the fiber radius. The

results are displayed in Fig.4.12. On the basis of this figure our best choice for a fiber

diameter should be ~2.0µm.

Fig.4.12 Normalized coupling constant vs. fiber radius and Δβ.
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In the current chapter we have determined the best design parameters for optimizing

fiber-sphere coupling. In the next chapter we’ll shift our discussion to explore the

perturbation due to adsorption of a particle on the surface of a dielectric sphere.
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Chapter 5

Perturbation due to Adsorbate Particles

In previous chapters we discussed the physics of a microsphere and a step index fiber

and the condition of coupling between the two. When the coupling occurs,  “resonances” of

the microsphere are detected in the transmission through the coupling fiber. If a small particle

is attached on the surface of the microsphere, it will shift the resonance. This shift will enable

us to detect particle adsorbtion on the surface of the microsphere. To get a “feeling” for this

effect on the frequency of the electromagnetic resonance, I began to think by analogy. The

question that I asked was simple. What happens when a particle of “dust” settles on a violin

string.

Here is the simple mechanical system, a vibrating string of length L perturbed by a

minute mass at position x = x0 (Fig.5.1).

x

m0

x00 L

Fig.5.1  A string with a small mass attached.

The phase velocity of the propagating wave of a string with no additional mass is simply

vph =
T
µ

, where T is the tension in the string and µ is the mass density. The Characteristic

frequency is therefore ω=k vph. We perturb this system by adding a small mass (mo<<µL,

where L is the length of the string) on the string and intent to derive the fractional shift in

frequency due to the added mass on the string.
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The wave equation for the string system above can be written;

∂ 2ψ
∂x2

+
µω 2

T
ψ = 0, (5.1)

To include the effect of the added mass in Eqn.5.1, one can expand the mass density,

µ = µ0 + εµ (x) , where εµ(x)= m0 δ(x-x0 ) is the mass perturbation located at x = x0. The

frequency of the 1st order  standing wave is correspondingly perturbed to ω= Sqrt[ω0
2+δω0

2],

so that

� 

µω2

T
=
(µ0 + εµ)(ω0

2 + δω0
2 )

T
≈ (µ0ω0

2

T
+

µ0δω0
2

T
) +

εµω0
2

T
. (5.2)

Expressing this equation in terms of the wave vector 

� 

ks
2 =

µ0 ω
2

T

� 

∂2ψ
∂x2

+ (ks
2 +

εµω0
2

T
)ψ = 0

(5.3)

The above equation includes the effect of the perturbation. In order to find the frequency

perturbation (and frequency) we draw on the self-similarity between this equation and the

Schrodinger equation having a potential perturbation εv;

  

∂ 2ψ
∂x2

+ (kq
2 −
2m

2 ε v)ψ = 0,  (5.4)

where 
  

� 

kq
2 =

2m

2 E− V0( ) .

A comparison between Eqn.5.3 and Eqn.5.4 reveals the analog;
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� 

2m


2 εv ← → ⎯  (-ω0
2 

T
)εµ (5.5a)

The quantum situation is an electron in a square well with infinite potential walls, but having

a small potential bump in the bottom at position x = x0. The first order perturbation δ[k(1)]2

for the quantum system and the violin string analog are

  

� 

δ kq
(1)[ ]2

=  2m
! 2 < ψ1εv ψ1 > ← → ⎯  δ ks

(1)[ ]2
= − < ψ1εµ ψ1 >

ω0
2

T
, (5.5b)

where the wave functions have not been normalized. From Eqn.5.3 and Eqn.5.5b;

Or,

� 

δω0
2

ω0
2 =

δ ks
(1)[ ]2
ks
2 = −

< ψ1 εµ ψ1 >
< ψ1µ 0 ψ1 >

(5.6b)

Eqn.5.6b can be evaluated by using the normalized wave function for one dimensional box.

The result;

� 

δω0

ω0

= −
m0

M
 Sin2 (π 

L
x0) (5.7)

According to Eqn.5.7 the fractional shift in frequency is proportional to the mass of

the particle added and the location where it falls on the string. At locations x0 = 0 and x0 = L

the shift will be zero, and for x0 = L/2 the shift will be maximum. Fig.5.2 depicts the fractional

shift as a function of string length for the first mode.



65

LL/2

m0/M

− 
δω

/ω
0

x0

Fig.5.2  Fractional shift due to an attached particle on a string with length L.

Let us consider a violin string vibrating with frequency of 440 Hz (middle C), with

mass of 40g. A protein macromolecule (~10 –20 gm) falling at the center of the string would

produce a frequency shift ~ -10-19 Hz, or a fractional frequency shift of 2.5x10-22.  Since, for

such a mechanical system the Q is typically less than ~1000, this shift is only a few parts in

ten to the 19th of the line-width. Clearly such a detector is grossly ill-designed.

What one needs is a miniature device using a different interaction. Our photon atom

will be shown to have nearly ideal characteristics in this respect.

5.1 Resonance Shift due to Protein Molecule Adsorption on the Surface

of a Sphere

In this section we will derive the fractional shift in the photonic atom mode resonance

frequency due to attachment of a single protein molecule on the surface of the sphere, and

will extend the derivation by considering a layer of molecular adsorbates on the surface.

According to Eqn.5.6b the fractional frequency shift for a string system after the attachment

of a particle of dust is proportional to the perturbing mass and the square of the normalized

string displacement at the position of attachment. Although the interaction in the microsphere

case involves the local electric field of the photonic atom mode interacting with a dielectric

nanoparticle rather than the inertial interaction between a particle of dust and an accelerating

string, the form of the frequency perturbation (i.e. Eqn.5.6b) will be seen to be similar.
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Let us consider Fig.5.3 where a protein molecule with permitivity εp is attached on the

surface of the dielectric sphere (εs) while both are immersed in water (εm).

a

εp
εm

εs

Fig. 5.3  A protein molecule with permitivity (εp)attached on a dielectric sphere
(εs) while both are bathed in medium (εm).

The evanescent field extending outside the dielectric sphere induces a dipole moment in the

protein molecule in excess of the dipole moment that would have been induced in the

displaced water. To evaluate the shift δω in angular frequency ω for a single protein molecule,

it is useful to consider the energy of interaction as a first-order perturbation to a single

photon resonant state, with semi-classical field E0(r)e
iω t . The interaction between the field

and the excess dipole moment,δ  p e iωt  causes a shift in photon energy of this resonance state,

which can be approximately31 expressed by 
  
δω ≈ −δ p . E0

∗ ( r i )/2 .  This simple approach32

ignores specific geometrical interactions in the surrounding environment,33 an approximation

which is protein shape dependent and is shown in Appendix F to produce no more than a

15% correction.31 On the basis of our approximation, the excess dipole moment is the induced

protein dipole moment minus the dipole moment that would have been induced in an equal

volume of water (i.e. δp = pp − pw ). This excess dipole moment will be expressed in terms of

excess  polarizability αex,   δ  p =α ex E0(
 
r i ) .

The fractional frequency shift due to adsorption of a protein molecule on the surface

of microsphere at location ri can be calculated by dividing the perturbation of the mode

energy due to protein dipole moment-field interaction, by the total mode energy inside the

sphere (i.e.   

� 

δω /ω = δ (ω)/(ω) ). With the total mode energy represented by integrating

over the energy density inside the sphere, we arrive at the fractional frequency shift:
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δω
ω

≈ −
αex E0 ( ! r ) 2

2 εs E0 ( ! r ) 2 dV∫
(5.8)

where εs is permittivity of the dielectric sphere. The integral in the denominator is taken over

the interior of the sphere, which contains the overwhelming majority of the mode energy (>

94%).31 This approximation simplifies the analysis by allowing the homogeneous

permittivity εs of the sphere to be pulled through the integral.

It should be noted that for protein molecules, which are composed of a variety of

amino acids, αex is roughly proportional to the mass of the molecule,34 and the shift in

frequency in accordance with Eqn. 5.8 should behave in the same way.

Eqn. 5.8 represents the shift due to an individual molecule at an arbitrary position on

the sphere, a point we will return to in calculating the optimal effect. To account for a number

of  molecules on the surface of the sphere, we sum the singular contribution in Eqn. 5.8 over

N randomly located molecules and then turn this discrete sum into an integral over surface

differentials; E0 (ri )
2

i

N

! " # p E0 (r)
2 dA$ , where σp, the protein surface density, is N/(4πa2).

With these considerations;

δω
ω

≈ −
α exσp

2εs

E0(r)
2
dA∫

E0(r)
2
dV∫

. (5.9)

For simplicity we will deal with Transverse Electric modes (TE) for which the electric field

has already been derived in Eqn.3.11a, 
  
E0 = ainn1ko j


(n1kor) ˆ L Y

 ,m . Substitution of this field

in Eqn.5.9 yields

  

δω
ω

≈ −
α exσp

2ε s

ainn1ko j

(n1kor) ˆ L Y

 ,m

2
dA∫

ainn1ko j

(n1kor) ˆ L Y

 ,m

2
dV∫

. (5.10)
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Since both the surface and volume integrals for a given mode in Eqn.5.10 contain the same

angular integrals,these  integrals cancel each other with the result

  

δω
ω

≈ −
α exσp

2ε s

j


2 ( ε rs koa) a2

j


2( ε rs kor)r2dr
0

a

∫
, (5.11)

where εrs is the relative permittivity of the dielectric sphere. The volume integral in the

denominator can be related to the surface value of the square of the spherical Bessel function

as demonstrated in the Appendix D;

  

j


2( ε rs kor)r
2dr

0

a

∫ ≈
a3

2
j


2( ε rs koa)
ε rs − ε rm

ε rs
(5.12)

where εrm is the relative permittivity of the surrounding medium (e.g. water). With this

relationship in hand, the shift in the resonance frequency in Eqn.5.11 becomes

δω
ω

≅ −
α exσp

ε0 (ε rs − ε rm ) a
= −

α exσp

ε0 (ns
2 − nm

2 ) a
(5.13)

where ns and nm are the refractive indices of the sphere and the aqueous medium, respectively.

Eqn.5.13 shows that the shift is proportional to the product of the polarizability of the

adsorbed molecule and to the molecular surface density. Since the polarizability is

proportional to the molecular volume, the shift can be thought at least as being directly

proportional to the molecular weight. In addition there is an interesting dependence with

respect to the size of the microsphere. It appears that the shift should increase in inverse

proportion to the microsphere radius, a theoretical result which will be tested in the

experimental chapter.

5.2 Resonant Shift due to Adsorption of a Layer on the Surface of a

Sphere
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We have already witnessed the usefulness of a quantum analog in arriving at the

perturbation of the modal frequency of a violin strings, due to the adsorption of a grain of

dust. Now we will look in the same way at the solution for the frequency shift of a

whispering gallery mode due to a layer of protein. We are in a good position to do this since

we have developed an optical analog of the Schrodinger equation for the dielectric sphere

problem (at least for an arbitrary TE mode).

Before proceeding we remind the reader of the our Quantum analog.

  

� 

d2ψ r

dr2 + {k0
2 − [k0

2 (1−n2) + ( + 1)/r2 ] }ψ r = 0 , (3.5a)

This Equation has the usual Schrodinger form, with various analogs listed below;

Schrodinger Analog

Energy E  E eff = k0
2

Potential V V eff = k0
2 (1 – n2 ) +   

� 

(+1)/r 2

Table. 5.1 Quantum Analogs

Adding a nanoscopic layer to the surface leads to a perturbation in the potential,

δV eff = δ[k0
2 (1 – n2 )]. This intern will lead to a first order energy shift δE eff. The standard

result from Quantum mechanics is that the first order perturbation in the energy of a quantum

level is

δEeff =
<ψ r|δVeff |ψ r >

<ψ r|ψr >
.  (5.14)
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where Veff  is the perturbation of the potential. Using our analogs from Table 5.1 transforms

Eqn.5.14 to

δ(k0
2 ) = < ψ r |δ [k02 (1 − n2 )]|ψ r >

< ψ r ψ r >
.  (5.15)

The change in the square of the refractive index square is   

� 

! (n2 )= n


2 " nm
2 , where   

� 

n

and nm

are the refractive indices of the layer and medium respectively. Furthermore having in mind

that the energy k0 will not be constant, we expand Eqn.5.15 to;

  
δ(k0

2 )∗< ψ r |ψ r >= δ (k0
2 )∗< ψ r|ψ r > + < ψ r |−k0

2 (n


2 − nm
2 )|ψ r > + < ψ r |−2k0δk0ns

2|ψ r > ,

 (5.16)

  < ψ r |−k0
2(n !

2 − nm
2 )|ψ r > + < ψ r|−2k0δk0ns

2|ψ r >= 0 . (5.17a)

Expressing Eqn.5.17a in terms of integrals;

  

-k0
2 (n



2 − nm
2 )

layer
∫ ψ r

2 dv + -
all space
∫ 2k0 ns

2δk0 ψ r
2 dv = 0.  (5.17b)

With the first integral only taken over a nanoscopic layer on a 100 µm radius sphere, and

using continuity for the wave function at the surface

  

-k0
2 (n



2 − nm
2 )

layer
∫ ψ r

2 dv ≅ −k0
2(n



2 − nm
2 )ψ r (a) 2 4π a 2t,  (5.17c)

where t is layer thickness. In addition with 94% of the square of the wavefunction within the

sphere,31 the second integral can be reasonably taken over just the interior volume.

-dv
all space
∫  ψ r (r) 2  (2k0)δk0ns

2 ≅ -dr 4π r2

0

a

∫  ψ r(r)2  (2k0 )δk0ns
2 . (5.17d)
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Therefore according to Eqn.5.7b, 5.17c and 5.17d, the fractional shift (
δω
ω

=
δk0
k0

), will be

  

δω
ω

=
δk0

k0

= −
a2t|ψ r (a)|2 (n



2 − nm
2 )

2 ns
2 dr r2|ψr (r)|2∫

. (5.18a)

Substituting Eqn.5.12 for integral in the denominator of the Eqn.5.18a gives a differential shift

due to accretion of a layer on the surface.

  

δω
ω

≅ −
(n


2 − nm
2 )

(ns
2 − nm

2 ) 
t
a

. (5.18b)

This result is consistent with the shift obtained through detailed electromagnetic theory for a

layer on a microparticle in vacuum.35 Note that the shift is expected to be in proportion to

the layer thickness and inversely proportional to the microsphere radius. It is possible to

rewrite the effect in terms of molecular parameters such as polarizability and the average

surface area taken up by a molecule, if we assume a voidless layer.

Imagine a jigsaw puzzle of molecular tiles. Of course not all molecular shapes can fit

into a voidless jigsaw puzzle, but the conversion of Eqn.5.13 into molecular parameters does

provide some insight. Let the volume of one of these particles be expressed as Vp= δA t,

where δA is the surface “contact” area and t is the particle thickness. The dipole moment of

this nanoparticle is the polarization times the volume, p = P Vp.  The change in dipole due to

replacement of medium by an equal volume of the adsorbate nano-tile will be, Δp = ΔP Vp,

where ΔP is the difference between the polarization of the nanoparticle and the medium.

From the constitutive equation, D = εΕ = ε0Ε + P, and the fact that the tangential component of

the electric field is continuous between the molecular layer and the sphere, it is clear that

(  

� 

ε

− εm) Ε = ΔP. So Δp = (  

� 

ε

− εm) Vp E. By expressing this excess dipole moment in terms of

an excess  polarizability αex times the filed, i.e. Δp = αex E, the connection between the

macroscopic and molecular parameters is made, i.e. αex = (  

� 

ε

− εm) Vp, or αex = (  

� 

ε

− εm) δA t.
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For such a ultra-compact layer the surface density σ  is just the inverse of the surface

“contact” area, consequently, αexσ = (  

� 

ε

− εm) t. So Eqn.5.13 can also be written as 9,36

δω
ω

≅ −
α exσp

ε0 (ns
2 − nm

2 ) a
(5.18c)

5.1 Estimate of the Fractional Shift in Frequency due to Protein

Adsorption

In order to calculate the fractional shift in frequency due to protein adsorption on the

surface of the microsphere we assume an excess polarizability αex and a molecular surface

density σp. An example of an abundantly available protein is Human Serum Albumin (HSA).

In fact, it is the most abundant protein in our blood. The bovine form of the protein (BSA)  is

available in high purity, and has a known crystal structure37. To calculate the BSA excess

polarizability one can use differential refractive index measurements.

To calculate the BSA excess polarizability, let us consider protein molecules dissolved

inside a solvent. The permitivity of water before protein added is the vacuum permitivity

plus the polarization density of water divided by the electric field, εw = ε0+(Pw/E).  For a

dilute concentration of added protein a fractional change in permitivity will be added to this

equation, εw +δε = ε0+[(Pw+δP)/E]. Second equation minus the first, and having in mind that

the excess Polarization density of the protein is the number density of protein ρN times the

product of the excess polarizability and the inducing field amplitude,

δε = ε0  δε r = ε0 δn2 =
δ P
E

= δρN αex . (5.19a)

For a small increase in protein density the differential change in refractive index from

Eqn.5.19a,

2n δn =
δρNαex 

ε0

, Or, (5.19b)

δn ≈ α exδρN
2nwε0

, (5.20)
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where  the refractive index in the denominator is taken to be that of water (i.e. dilute limit).

The protein number density ρN can be changed to mass density if it is multiplied by

molecular mass of the protein, (i.e. m ρN = ρm );

� 

α ex = (2nwε0)( 
δn
δρm

)m,     in standard units, (5.21a)

or 

� 

α'ex = αex /4πε0 = (nw

2π
)( δn

δρm

)m,  in cgs units . .      (5.21b)

It should be noted that the polarizability of protein molecules is simply proportional

to their mass. This is because dn./dρm for most proteins is 0.184 cm3/g. This is likely the

results of the large number and large variety of amino-acids which make up a given protein

molecule. Since our resonant shifts are proportional to αex, these shifts for a given surface

density may be considered a measure of molecular weight.

For BSA (i.e. Bovine Serum Albumin), which has a molecular mass of (66432

g/mole)/(6.02x1023 molecules/mole), αex is computed from Eqn.5.21a to be  4 π ε0(3.85 x 10-21

cm3). To estimate the fractional shift let us suppose that protein macromolecules with an

contact area  Ap adsorb on the surface and form a mono-layer. If they tightly pack we would

have a surface density σp ≈ 1/Ap. Assuming that the molecule will project its largest cross

section on the surface to minimize the surface free energy, Ap arrived at from crystallographic

data35 is 3.7x10-13 cm2  which gives a surface density of 2.7x1012 cm-2. Inserting the estimated

value of the BSA excess polarizability (i.e. 4 π ε0 3.85 x 10-21 cm3) and the surface density in

Eq.5.13 for a sphere of 150 µm radius, at a wavelength of 1.3 µm, gives a shift of 0.03 nm.

Although a wavelength shift of 0.03nm may seem small, contemporary advances in

photonics technology, as we will see in the next Chapter, allow us to easily probe shifts

down to 0.00001 nm; less than 1/1000 of our mono-layer estimate.

Chapter 6

Experimental Approach
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 Our approach, as discussed previously, is to measure the frequency of a microsphere

resonance without adsorbates and the frequency change of the same resonance [i.e. same

polarization (TE or TM), order number s, angular momentum l, azimuthal number m] during

adsorption. Light is coupled into resonances evanescently by using an eroded coupling fiber.

The fiber is eroded in order to expose its evanescent field to the microsphere. The resonances

are detected from dips in intensity transmitted through the coupling fiber. Next, these high Q

intensity dips are recorded via a computer program. A sample cell is built around the fiber-

sphere system and the cell is filled with ~ 1mL of aqueous buffer solution. After the

resonance is identified, a small addition of 20µL of solution containing the adsorbable bio-

molecule is injected into the cell. At this point the resonance is tracked and recorded by a

Lab-View  program.

This chapter is organized in two parts. In Sec. 6.1 and its subsections we describe our

canonical experimental platform included with a description of “naked” microsphere

fabrication. In Sec.6.2 and its subsections we describe preparation of the surface modification

of the microsphere with particular emphasis on protein adsorption.

6.1 General description of Experimental Platform

A simple illustration of the experimental set up is shown in Fig.6.1. The Distributed

Feedback Laser (DFB laser) diode (Mitsubishi ML725B11F, Thorlabs, Inc) with a

wavelength near 1308 nm is used as a current tunable source. The laser current is scanned

repeatedly between 10 and 38 mA by driving a laser diode controller (ILXLightwave, LDC-

3722B, with an input admittance of 20 mA/V) with a computer program using a saw-tooth

function. To prevent current fluctuation due to temperature variation, the laser temperature

was controlled using Peltier mount. Typically the laser was stabilized at a temperature of

18.32 0C before taking measurements. The temperature of the laser was monitored by a

precision calibrated thermistor.
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 To secure and to protect the DFB laser from the internal heat, it is mounted inside

the Temperature Controlled Laser Diode Mount (ILXLigthwave, LDM-4407).

Laser Diode Controller 

Laser 
Diode 
Mount with 
DFB laser  

Mini lens
and Optical
Isolator

CollimatorLens
Fiber

Detector

Volt meter Etched part of the fiber 
coupled to Microsphere

X-Z  stage

Computer with
 Lab view programInterface

Labview  card

Fig.6.1  The experimental set up

In order to isolate the laser from the rest of the optics and reduce the noise due to light

feedback, an Optical Isolator (Optics for research, IO-D-1310) is installed. To implement the

installation, the light from the laser is first collimated with a mini-lens. The Optical Isolator is

composed of input and output polarizers with a faraday rotator in between. A plane wave

with a vertical electric field will pass through the first vertical polarizer, and will be rotated to

+450 by the faraday rotator. Consequently at the back face the light passes handily through

the back polarizer, since it is at a +450 orientation. Light reflected back into this composite

device is further rotated by an additional 450 which leaves it horizontally polarized, causing

rejection by the first polarizer; the laser is isolated.

 The laser source has a rectangular shape at the laser diode output facet. As mounted

the long axis is horizontal. Consequently the laser diverges in an anisotropic pattern with a

large vertical divergence full angle of 300. To capture this beam and send it through the

Optical Isolator, which had only a 2mm aperture required a  mini-lens with a focal length of 7

mm.Fig.6.1 shows the mini-lens (Thorlabs, 350390-C) with an Optical Isolator built inside a

Teflon cylinder structure. After the optical isolator, the beam is almost collimated. The

collimation is further corrected with a second lens, and focused with a microscope objective

on a fiber, as shown above. The fiber (Corning SMF-28), encased in a capillary tube at its
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entrance operates in a single mode. The capillary tube is beveled at a 6 degrees angle (where

coupling occurs) for additional optical feedback reduction. The segment of fiber which is

placed in contact with the microsphere (a length of ≈ 55 mm) is held rigidly at either side by

two fiber chucks (Newport, FPH-J) by an aluminum frame. The frame is necessary to hold

the fiber in position for subsequent acid etching and microsphere coupling. The etching

process will be discussed in next section.

 After the fiber is etched, the microsphere is positioned just below the fiber using a

converted microscope slide positioning stage (Edmund Scientific Co., 30001-01). The stage is

bi-axial and can move upward [or downward] and away [or toward] the eroded portion of the

fiber. The end of the fiber is coupled to the InGaAs Photo-detector with an integrated

amplifier (Thorlabs, PDA400) so that the intensity of the light transmitted through the

optical fiber can be detected and conditioned for use by a computer interface. For efficient

coupling a so-called “Index Matching Gel” (Metrotek Industries, 61180) was used between

the output of the fiber and the glass window covering the semiconductor sensing element. The

detector’s peak response is specified to be 0.85A/W @ 1300 nm. The output voltage from

the detector is measured in parallel by a precision voltmeter (Fluke 83 multi-meter) and a

computer interface (as shown in the illustration above).

 The frequency of the laser changes monotonically with its drive current. A Lab-view

program (National Instruments) is used to sweep the laser current while recording and

tracking resonances in the intensity of the transmitted light (See appendix G). The DAQ card

for this Lab-View programming has 12-bit resolution (National Instrument, DAQ card-

6062E).
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6.1.1 Tunable Light Source

The light source has stringent requirements. It must operate at a single frequency with

a linewidth smaller than that of a microsphere resonance, and it must be tunable. At first

these requirement may seem simple enough until one looks at the specifics. The linewidths of

the resonances which are to be interrogated may be as small as 0.00001nm, hardly a width

that can be produced by following a broadband light source with a grating monochromator.

For such a source a linewidth below 0.01nm would be challenging to produce. Fortunately the

telecommunication community has produced small semiconductor laser with linewidths in

line with our needs.38 However simple heterojunction lasers cannot be tuned without mode

hopping, which is unacceptable. To remedy this situation a Bragg grating is imprinted within

the laser and resulting device is termed a Distributed Feedback Laser (DFB). The DFB can be

easily tuned by changing the drive current or the temperature. For our purposes the

temperature was held constant in order to avoid time delays in tuning. The current tuning

coefficient, which is ~0.01nm/mA is sufficient to locate a resonance in a slightly spheroidal

glass microstructures with a radius of a couple of hundred micrometers. Since our research is

highly dependent on precise knowledge of the tuning coefficient, measurements independent

from the specifications provided by the manufacturer were needed. These measurements were

obtained using a scanning Michelson Interferrometer.

 A commercial Fourier Transform Michelson Interferometer known as a Wavemeter

(Burleigh model WA1150) was used to measure the wavelength λ vs. drive id for my DFB

laser. The wavelength vs. current can be accurately represented by a second order polynomial

series, fill in. Thus the current tuning coefficient βc  is a linear function of the drive current id,

as shown in Fig.6.2, and is given by

λ = (0.0071 id +  5x10-5 id
2 + 0.3414 +  1308) nm  (6.1)

βc =
dλ
did

= 0.0071 +10-4  id  (6.2)
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where id is in milli-Amperes.

tuning coefficient beta

0

0.002

0.004

0.006

0.008

0.01

0.012

0 10 20 30 40 50

tuning [mA]

tu
ni

ng
 

co
ef

fi
ci

en
t 

[n
m

/m
A

]

Fig.6.2 Current tuning coefficient βc  vs. drive current id.

6.1.2 Fiber Etching

In order to etch the fiber, one has first to remove the polymer sheath. A paint remover

(a gel like material containing a mixture of solvent, wax, and methylene dichloride; known by

the brand name Zip-Strip) can be used for this task. By simply dip a Q-tips into the paint

remover and rubbing it against the section of fiber (About 1 cm) the sheath can be removed.

After 10 minutes the sheath softens and can be easily removed mechanically from the fiber.

Before etching, it is necessary to clean the fiber thoroughly. This is accomplished with a wash

in pure methylene dichloride (Fisher Scientific, D143-1). At this point the diameter of the

fiber is 125 µm. This diameter serves to calibrate our microscope reticule. At this point

etching commenced. The fiber was etched from below with an etchant poured into a

polyethylene sample cup (8 mm in diameter).  The cup was secured in a rectangular metal
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bracket. The bracket was manipulated into the appropriate position by utilizing an x-z stage

as shown in Fig.6.3.

Fiber  with the etched part 
coupled to the sphere

Cubic metal to hold 
the microsphere

Rectangular metalSample Cup

LED

Metal secured to the
X-Z stage

Miniscuse due to
liquid surface tension

Microscope
Objective

X
Y

Z

Fig.6.3  The sample cup secured inside the rectangular metal.

The sample cup was positioned along the z-axis until it was under the bare fiber. It

was then elevated along x until the convex meniscus of the etchant immersed the fiber so that

about 8 mm of the fiber (along y) was wetted by the etchant. The etchant was a 17 %

solution (by volume) of Hydrofluoric Acid (Fisher Scientific, 48-50%, A146-1LB). The

etching process continued until the fiber thickness was 4µm. Fig.6.4 below shows the

measured diameter as a function of time for a typical etch. The overall etching time is between

4 and 4.5 hours. The calibration according to the eyepiece reticule corresponds to 8.75 µm/

div. According to Fig.4.11 at a fiber radius of ~

� 

1.5 µm the coupling will be optimized. In order

to have a 3 µm fiber diameter, it is necessary to etch until the fiber image reaches a width of

approximately 1/3 of a division.
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Fig.6.4  The etching process; Fiber diameter vs. time for 17% HF.

The etching process is terminated by replacing the HF solution with water. The water

is distilled and filtered with a microfilter (Millipore, SLGP033RS) which blocks particulate

contamination larger than 0.22 µm. It is imperative to filter the distilled water because any

dust particle floating inside the water could eventually attach to the etched fiber and would

contribute noise in the output signal.

6.1.3 Fabrication of Naked Microsphere

In order to fabricate a microsphere one can simply cut a small portion of the single

mode fiber (about 10 cm) and then melt the striped end of the fiber by exposing it to the

butane/nitrous oxide microtorch flame (Microflame, Inc.), while rotating the fiber. As the fiber
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rotates the melting silica will form into a spheroidal shape under the force of surface tension.

A spheroid manufactured in this form can have a radius (see Fig.6.5) as small as 70 µm. To

generate smaller spheroid one can first pull the fiber to reduce its diameter and then proceed

with microtorching.

z

a

Fig.6.5  Shape of Spheroid

Silica glass exposed to laboratory air can get dirty in a short period of time due to dust

particle adsorption. To make sure that both spheroid and the eroded part of the fiber are free

from unwanted particles one can clean these by dipping them into a Piranha solution for

about 10 minutes. This solution is very effective and can be produced by a mixture of sulfuric

acid (95-98% concentrated) and hydrogen peroxide, (Aldrich Chemical Company, Inc.,

21676-3) in a 7/3 ratio. It is delivered to the fiber by using the same polethylene cup (8 mm

diam.) discussed previously.

 After washing the fiber with piranha solution, using the sample cup once more, the



82

fiber can be washed with filtered water. Using the X-Z stage connected to the rectangular

metal with sample cup secured on it, as shown in Fig.6.3, we can couple the fiber to the

microsphere while both are bated inside water. The resonances can be observed while the

fiber and the sphere are coupled inside the sample cup meniscus. This is a usefull preliminary

approach to get the resonances but as far as actual experiment is concerned, thermal

fluctuations in the sample cup cause additional noise, which can be devestating to the

experimental result. In order to reduce the noise associated with thermal fluctuation and also

be able to inject a solution containing molecular adsorbates, we have designed a sample cell

along with Frank Vollmer at Rockefeller University.

6.1.4 Sample Cell

In section 6.1.2 and 6.1.3 we have discussed the coupling of the microsphere with the

optical fiber inside the hemispherical meniscus of an over-filled cup of water. We also

indicated that coupling inside this cup is not ideal for three major reasons: 1- due to

environmental thermal fluctuation the intensity spectrum will continueously drift, 2- it is

difficult to inject an additional volume of solution containing molecular adsorbates without

breaking the free standing meniscus, and 3- the hemispherical-like meniscus distorts the image

of the microsphere.

The sample cell shown in Fig.6.6 is used to contain the aqueous solution between the

two glass slides (top and bottom) by means of surface tension. The bottom portion of the

glass slide is epoxied to a rectangular metal (10.8 x 1.7 cm) similar to Fig.6.3 which in turn is

atached to the X-Z stage. The fiber and the sphere can be coupled inside the sample cell

(using the X-Z stage) while they are bathed in the solution. The sample cell is made from two

glass slides (Micro-Slides, Coning #2947) with a volume of 1 mL. Two silicone rubbers are

placed on each side of the lower glass slide, and the stem of a surface modified microsphere

(note: the preparation of the surface will be described in Sec.6.2) held between the silicone

rubbers on the right side as illustrated in Fig.6.6. The cell, with its top glass plate removed, is

then maneuvered just under the eroded portion of the optical fiber using the X-Z stage. At
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this point in the procedure the top portion of the glass slide is mounted and secured with a

clip. Finally the sphere is moved slightly upward until it touches the eroded fiber. Invariably,

a reduction is seen in the light tranmitted through the fiber upon contact.

Glass slide on the top

Glass slide on the bottom

Silicone rubberSilicone rubber

Microsphere with stem sandwitched
between two silicone rubbers

Etched part of the fiber 
coupled to microsphere

Fig.6.6  Sample cell with fiber and sphere coupled inside.

6.2 Detection of the Molecular Adsorbate on the Surface of the Sphere

The silica sphere will need to have its surface modified in order to be attractive to

protein molecules within the aqueous buffer (Fig.6.6). The buffer is a salt and phosphate

solution which holds the cell at a pH of 7.4. In such an environment a protein such as BSA is

in its stable “biological state”. Before describing the silanization procedure in detail, I will

describe the order of events for a typical experiment.

In brief, after the sphere has its surface modified its stem is trapped between the

rubber borders (Fig.6.6) and brought just under the eroded portion of the fiber. At this point
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1 mL of  buffer solution is dispersed within the cell with a dropper. The microsphere is then

forced to touch the fiber and resonance dips are seen in a wavlength scan. A Lab-View

program tracks one of these resonances as 20 µL of  BSA solution (typically 1.5 x10–4 M) is

injected into the cell using a pipette. As the protein diffuses toward the microsphere and

adsorbs on it, the spectral position of the resonances is tracked and recorded. In what follows

we describe each component of this procedure in more detail.

6.2.1 Silanization of the Microsphere

A molecule such as BSA can adsorb on a bare surface of a silica sphere, however the

surface coverage  may be enhanced, by lowering the free energy, if the surface is modified39.

An appropriate surface agent for silica is 3-aminopropyltrimethoxysilane (Aldrich Chemical

Company, Inc., Cat # 28,177-8). Before silanization, the sphere has to be washed with

piranha solution in order to dissolve any adsorbed organic residue. This is followed by a rinse

with filtered water.

Silane coupling agents are predominately used as mediators, binding organic materials

to inorganic materials. The acid wash generates OH groups bound just above the quartz

surface. These groups react with the MeO groups on the silane agent releasing methanol as

shown in Fig.6.7. An additional aminopropyltrimethoxysilane molecule (APTMS) reacts

both with the surface OH species and with the first previously attached silane group causing

the  beginning of a “molecular carpet” with amine groups on the outer surface.

OH OHOH
Si
O

NH2

-
Si
O

O

NH2

Si

NH2

O
O Si

NH2Si
MeO

NH2

MeO
MeO

MeOH

MeO
MeO

APT SM

MeO

APT SM MeO

MeO

Fig.6.7  Chemical action of the silane coupling agent.
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With respect to the chemical particulars concerning silanization, the following

procedure is used. First we produce a 90% methanol solution. 98 µL of this solution is mixed

with 2µL of a 98% APTMS solution to produce the working solution. This working solution

is dripped over a microsphere (which had been previously treated with piranha solution and

dried in an oven for a period of 10 minutes at 700C). Next the sample is dried for a second

time in an oven for a period of 10 minutes at 700C. After the silanization the sphere is

secured inside the sample cell (as described above), and the cell is filled with 1 mL of buffer

solution (Sigma, P-7059).

6.2.2 The Injection of BSA into the sample Cell

Before proceeding with the mechanism of injection of BSA solution inside the sample

cell, we will describe protein molecules in brief. Proteins are biomolecules that are composed

of amino acids. The two common components of all amino acid molecules are an amino and

corboxyl group. A protein molecule such as BSA is made of many amino acids. These amino

acids are chained by means of peptide linkages; the corboxyl group of one reacts with the

amino group of the other. A BSA molecule is of a globular type which is usually very soluble

in aqueous solution and tends to fold in such a way that the hydrophilic side chain is outward

and exposed to the solvent.

The adsorption activity associated with a protein is a function of its amino acid

sequence,  the interaction with solvent molecules ( e.g. pH of the solvent), and the charge on

the substrate surface. The adsorption of protein at a liquid-solid interface is controlled by a

combination of Van der Waals, Ionic and Polar forces. The charge of a protein such as BSA is

dependent on the pH. The pH at which the charge is neutral is called the isoelectric point

(pI). The pI for BSA is 4.7. In our more basic buffer solution BSA is negatively charged.

Fortunately amine groups, such as those on our modified silica surface will be positively

charged at the buffer pH. Cosequently when BSA molecules are injected into the buffer

solution they will feel an attraction to our silanized surface.
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With respect to the preparation of the BSA solution to be injected into the cell, the

following recepe was followed. The 10 mg of purified BSA (Sigma, A8549) was obtained in

crystalline form. The crystal was first dissolved in 1 mL of buffer solution, for a

concentration of 1.5 x10–4 M. Using the pipetman, 20 µL of BSA solution is injected into the

sample cell which already contains 1mL of PBS solution (as discussed in prevous sections).

Therefore the final concentration of the BSA inside the sample cell will be 3 µM.

Before injection the microsphere resonance spectrum is observed and a suitable

resonance mode is identified. This resonance is tracked just after the injection of BSA.

Adsorption is signified by a red shift. A full monolayer of coverage is easily discerned when

the frequency of the resonance no longer shifts.

In what follows we reveal our experimental results.
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Chapter 7

Experimental Result

In this chapter we report experimental results to test the theory presented in Chap.5.

We will use Bovin Serum Albumin (BSA) as our principle nanoscopic adsorbate.

The expeimental setup has been described throughout Chap.6. We start by filling the

cell in Fig.6.6 with buffer solution. The laser is made to ramp its wavelength by a driver

utilizing a sawtooth current source generated within our LabView program. The laser current

is scanned repeatedly between 10 to 38 mA. Since the laser scanning rate on average is 0.009

nm/mA, our scan range corresponds to 0.252 nm.  Optical resonances of the microsphere are

detected as dips in the transmitted intensity as a function of laser wavelength. Fig.7.1 shows

a typical resonnace spectrum. The general increase in intensity is due to the increasing current

into the DFB laser.
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Fig.7.1 Resonance spectrum before BSA is added

Before the injection, a suitable resonance (e.g. the high Q dip pointed to in Fig.7.1) is

chosen to be tracked by the computer. Tracking is accomplished by identifying minima near a
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wavelength of interest using a five point quadratic fit (Appendix G). Once the chosen

resonant dip is stable, the BSA solution is injected (20 µL at 1.5 x10–4 M or 3x10–6 M in the 1

mL cell). Upon adsorption, a resonance shifts to a longer wavelength. Fig.7.2 shows the

current before and after injection as a function time. Notice that the current remains steady

for the first 25 seconds prior to injection. Following injection, the wavlength shift moves

slightly toward the blue due to thermal contraction of the silica sphere, then the effect

reverses as the resonance wavelength begins to increase and the shift saturates. In this

experiment the adsorption process takes about ~2.6 min. before reaching saturation. The drive

current shifts, as shown in Fig.7.2, is between 27.25 mA and 29.65 mA. The corresponding

shift in wavelength is determined by integrating βc over these current limits, with the result

that the wavelength of the laser changed by 0.024 nm, for a δλ/λ of 0.024/1307 or 1.8x10-5.

27

27.5

28

28.5

29

29.5

30

0 100 200 300 400

Time, Seconds

Cu
rre

nt
, m

A

In
je

ct
io

n 
be

gi
ns

Fig.7.2 Current shift of a resonance before and after injection of BSA.
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The particular spheroid used in the above experiment is shown in Fig.7.3 along with

the eroded portion of the fiber (~4µm diam.) which it is pressed up against the sphere (the

fiber is on top of the sphere in this view). The sphere radius is 209 µm. Notice that the

location of coupling is not along the largest diameter of the sphere. This will reduce the

effective radius of the sphere to ~206 µm.

125µm

Fig.7.3 Spheroid coupled to the fiber inside buffer solution

We have continued the experimental work with other biomolecules having molecular

weights different than BSA. Table 7.1 summarizes all of my experimental results. In this table

the columns from left to right show the current before and after injection, sphere radius, the

fractional wavelength shift times sphere radius, molecular weight, Molarity, Isoelectric

point40,41  (pI), and the protein designation. The wavelength shift was arrived at from the
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current shift by integrating our laser calibration relationship (Eqn. 6.2). All of  the protein

with the exception of Lysozyme easily demonstrated measureable shifts near 1µM. However

Lysozyme required a considerable larger concentration (14µM).

.

Ii
mA

Isat

mA
a
µm

aΔλ/λ
nm

MW
Da

M
µM

pI Protein

31.52 34.27 158 3.47 65000 3 4.7 BSA
32.27 34.52 200 3.61 “ 0.3 “ BSA
27.25 29.65 206 3.78 “ 1.5 “ BSA
22.4 24.5 232 3.53 “ 3 “ BSA
20.80 22.75 218 3.03 14000 14 11 Lysozyme
30.50 32.50 187 2.94 “ 14 “ Lysozyme
23.1 23.2 201 0.14 “ 3 “ Lysozyme

29.20 30.40 226 2.10 14000 1.4 6.2 α-Lact
25.1 27.1 180 2.68 “ 0.02 “ α-Lact
29.05 30.05 214 1.65 5,700 11 5.4 Insulin
31.0 32.36 183 1.96 “ 11 “ Insulin

Table 7.1 Summary of Saturation data taken on 4 adsorbed bio-molecules.

There are several interesting features contained within this data:

1 The BSA shift appears to be relatively independent of concentration from 0.3µM to

3µM.

2 The product of wavelength shift and sphere radius increases with molecular weight.

3 Lysozyme requires a relatively large concentration in order to produce experimental

results.
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Chapter 8

Interpretation of Data

Before discussing the specific interpretation of the data in Table 7.1, I would like to

ask a question: What is the primary cause for a molecule to adsorb?

As we mentioned in the previous chapter, in the process of silanization the MeO

(methoxy) group of the APTMS molecule reacts with the OH group on the silica sphere

enabling the silane agent to attach to the microsphere surface. This exposes the amine group

(NH2) to the external solution. The silanized sphere is in a buffer solution with a slightly

basic pH of 7.4. At this pH amine groups are positively charged. This may be understood

from the so-called isoelectric point. The isoelectric point (pI) is the pH value at which the net

charge of a molecular unit is zero. If the pI exceeds the pH of the solution, the particular

molecular unit will have a positive charge. In the case of a terminal amine group on an amino

acid sequence,  pI has been found to be 8.5-9.42 The polarity of BSA at a pH of 7.4 is

opposite to the amine group (i.e. negative), since BSA has a pI of 4.7. After injection of BSA

in solution, the BSA molecules will move toward the sphere surface and adsorb, aided by

hydrodynamics, diffusion, and the attractive interaction to the positively charged amine

groups. This is distinctly different than the behavior expected from Lysozyme, since its pI of

11 gives it a net positive charge. So although Lysozyme will be repelled from the amine

surface at a large distance (distance>>protein radius), it can be attracted locally; negative

regions exist on the surface of the protein. This explains why it takes a much larger

concentration of Lysozyme in order to produce an effect. Lysozyme falls into a different

category in this respect (net charge not opposite to amine surface).

The independence of the BSA shift with BSA solution concentration implies that

BSA has saturated the surface. To understand this conclusion requires investigating simple

theories of adsorption. One of the simplest theories is most probably that given by Irving

Langmuir.

Langmuir adsorption43 theory considers a surface with a specific number of binding

sites that are identical, assumes that the binding at a site has no influence on the properties of
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the neighboring sites, and requires that no more than a monolayer of molecules can be

adsorbed on the surface. Certainly BSA as well as other protein with pIs considerably lower

than the buffer should qualify when it comes to monolayer formation; they are attracted to

the oppositely charged surface, but their like charges inhibit multiple layer formation. In

Lagmuir adsorption, the rate of adsorption is the product of adsorption constant ka,

concentration [C] and the density of available adsorption sites. Langmuir expresses the latter

in terms of the fraction of the surface that is not already occupied. He calls the fractional

surface coverage θf, so that (1-θf) is the available fraction. The rate of desorption is also the

product of desorption constant kd, and θf. At equilibrium the adsorption rate will be equal to

the desorption rate. Setting these two products equal and solving for fractional surface

coverage,

θ f =
Ke[C]
1+ Ke[C]

, 8.1

where Ke= ka/kd is the equilibrium constant. At low concentration (i.e.Ke[C] <<1) the

fractional coverage grows in proportion to concentration (i.e. θf ≈Ke[C]), and as the

concentrations grows, the surface coverage begins to saturate (i.e. becomes independent of

concentration) with θf approaching 1. Table 7.1 shows that the effect (i.e. fractional

wavelength shift times microsphere radius) due to BSA adsorption over a decade in

concentration (from 0.3 to 3µM) is essentially independent of concentration. We conclude

that BSA in the range from 0.3 to 3µM for our amine modified surface is very close to

monolayer formation (i.e. θf ≈ 1). α-Lact and Insulin are expected to show a similar behavior

since they have similar pIs to that of BSA. However, all three have considerably different

molecular weights. If indeed all of these “candidate” molecules form a simple monolayer, our

theory suggests that one would expect a larger effect for larger MW.

The particular scaling with molecular weight is suggested by Eqn.5.13

� 

δω
ω

≅ −
αexσp

ε0(ns
2 − nm

2 ) a
. (5.13)
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The connection between this equation and the molecular weight dependence occurs in the

relationship between molecular weight and monolayer thickness. The effect anticipated in

Eqn.5.13 is in proportion to monolayer thickness. The reasoning is as follows. The

orientation averaged  polarizability is in proportion to the molecular volume, and the surface

density is in inverse proportion to the molecular areal projection. For a spherical shape, the

former goes as radius cubed, whereas the latter goes as the inverse radius squared, so that the

product goes as the radius. Although the shape of each of these molecules is different, their

densities are similar, and we can think of their characteristic dimension in terms of a mass

equivalent spherical radius aP,eq.
44 On this basis, the radius will be in proportion to the

molecular weight to the one third power. Fig.8.1 shows a plot of the average of the measured

effect <a Δλ/λ> (average of several data indicated by <….>) for BSA, α-Lact and Insulin vs.

MW1/3. The plot shows a fair agreement  with our supposition.
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<a Δλ/λ>

MW1/3

(nm)

Fig.8.1  <a Δλ/λ> vs. MW1/3 for Insulin, α-Lact, and BSA

(from left to right).

Our arguments so far talk about protein as sphere equivalents, however with reasonable

approximations the arguments can be generalized.
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At this point we’ll consider a single protein molecule sitting on the surface of the

sphere while bathed in water. The permitivity of water in absence of protein molecule is the

permitivity of free space plus the polarization of the water molecule divided by the applied

electric field , εw = ε0+(Pw/E). The permitivity of the protein molecule, in the limit of small

depolarization33 is also the permitivity of free space plus the polarization density of the

protein molecule divided by the applied electric field, εp ≈ ε0+(Pp/E). The difference between

the protein and water permitivity is

(ε p − εw ) ≈
Pex
E

=
pex
Ev p

=
αex

vp
 (8.2)

where  vp is the protein molecular volume and Pex is the excess polarization density.

Accordingly one can express the product of excess polarizability and protein surface density,

σpα ex ≈ (εp − εw)
vpN
Ap

 . (8.3a)

where  σp is the number of proteins (1, for a single protein) divided by protein surface area.

For many protein molecules attached on the surface, the effective surface area will be Aeff ~Fs

Ap, where Fs is the “surface fraction” of the protein molecule and Ap is the surface area of

attached protein. The protein volume vp is the product of effective surface area with protein

thickness t. Now Eqn.8.3a can be written

σpα ex ≈ Fs(ε p − εw )t  . (8.3b)

Insert Eqn.8.3a in Eqn.5.13,

δω
ω

≅ −
Fs (ε p − εw )t
(εs − εw ) a

. (8.4)

If the attached molecules form a “tile formation” with no void in between, the surface fraction

will reduce to one and the protein permitivity will be that of the layer,
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Lim
Fs→ 1

  δω
ω

≅ −
Fs (ε p − εw)t
(εs − εw ) a

≅ −
(ε

− εw)t

(εs − εw) a
, (8.5)

which is the same as Eqn.5.18b. As an example, let us assume cylindrical shape proteins

attached on the surface of the dielectric sphere with height t and effective area Aeff. Also let

us define “aspect ratio” ξ = t/(Aeff)
1/2. Now, the thickness t can be expressed in terms of mass

and mass density, and mass can be expressed in terms of molecular weight and Avagadro’s

number. Therefore,

a δω
ω

≅ −
Fs (ε p − εw ) ξ 2/ 3

(εs − εw ) (NAρm )1/ 3 (MW)1/ 3 . (8.6)

Here we see that Eqn.5.13 is expressed in terms of molecular weight to the power one third

consistent with our experimental result. Next, we attempt to see if our model can be used to

estimate the slope of our experimental plot.

The slope predicted from our model is 
Fs (εp − εw) ξ 2 /3

(ε s − εw) (NAρm )1/ 3 . First we will estimate

the area fraction Fs. Here we assume our proteins are in a hexagonal closed-pack arrangement

(Fig.8.2). If the proteins are taken to be cylinder like, the surface fraction from geometric

considerations is Fs =
π
2 3

≈ 0.9 . At this point all that is left is the aspect ratio ξ. For a

surface fraction of 0.9 and a typical protein mass density of ρm=1.37g/cm3 45 in order to

obtain a slope of 0.1 nm/(gram per mole)1/3, we would require an aspect ratio of 0.7.  However

for the case were proteins are tightly bounded to each other the area fraction ~1, which will

reduce the aspect to 0.6. Recently Su et al46 have reported that BSA attach on a counter-

charged surface with its largest area projection against the surface. The largest area projection

according to crystallographic data35 is 3.7 x 10-13 cm2. Data from neutron reflection studies

show that BSA is slightly flattened at the counter-charged silica surface to a thickness of ~3
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nm. Based on these two independent data the aspect ratio is 0.49. Considering the complexity

of the situation here, the estimated aspect ratio is fairly reasonable.

ρ
c

Fig.8.2 Cylindrical protein molecules assembled hexagonally on a surface.
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Chapter 9

Appendices and Manuscripts

Appendix  A

_______________________________________________________________________

Verify Eqn.3.8 ;

  

 + (1 / 2)
n1

< X <  + (1 / 2)
n2

(A.1)

Where X is the optical size,  is the angular momentum quantum number, and n1 and

n2 are the refractive indices of the sphere and the surrounding medium respectively.

_______________________________________________________________________

Proof :

We recall Eqn.3.5a, the solution to the wave equation for the photonic atom in the

form of Schrodinger Equation

  

d2ψ r

dr2 +{k0
2 − [k0

2 (1 − n1
2 ) + (+1) / r2 ] }ψ r = 0 (A.2)

with the corresponding effective potential Veff ;

  
Veff (r) = k0

2 (1 − n1
2 ) + (+1) / r2 . (A.3)

Referring to Fig.3.2, the effective energy in Eqn.A.3 at the bottom of the well at r = a is K0
2

where the refractive index is that of microsphere, n1;

  
k0
2 = k0

2 (1− n1
2 ) + (+1) / a2 . (A.4)

Solving Eqn.A.4 for X=(K0 a) will give
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X = (+1) / n1. (A.5)

Similarly at the top of the well, the surrounding medium has a refractive index n2, therefore

replacing n1 by n2 in Eqn.A.4 and solving for X will give

  
X = (+1) / n2. (A.6)

Eqns.A5 and A6 will set limits for optical size, for the case where dielectric microsphere (n1)

is surrounded by a medium having refractive index n2

  

( +1)
n1

< X <
( +1)
n2

.  (A.7)

Eqn.A.7 can further be simplified for large angular momentum quantum number.

  

 + (1 / 2)
n1

< X <
 + (1 / 2)
n2

. (A.8)
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Appendix B

______________________________________________________________________

Verify Eqn.3.19b ;

  

n1X j

(n1X)[ ]′

j

(n1X)

=
n2X h



(1) (X )[ ]′
h


(1) (n2X)
(B.1)

 Where X is the optical size,  is the angular momentum quantum number, n1 is the

refractive index of the microsphere, j

 and h


 are the Spherical Bessel and Hankel functions

respectively.

___________________________________________________________________________

Proof :

Let us recall Eqns.3.10, the wave functions inside and outside sphere, where the first

and second medium have refractive indices n1 and n2 respectively;

  
ψ r ,in = a inn1K 0r j (n1K0r)         r < a (B.2a)

  
ψ r ,out = aoutn2K0r h 

(1) (n2K 0r)        r > a. (B.2b)

The boundary conditions can be written ;

ψ r ,in =ψ r ,out   at   r = a (B.3a)

d
dr

ψ r ,in =
d
dr

ψ r ,out   at   r = a. (B.3b)

Let α =n1 K0r and β =n2 K0r, therefore from Eqns.B.2 and Eqns.B.3 ;

  
ain  α  j


(α ) = aout β  h



(1) (β )   (B.4a)
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ain  d

dr
[α  j


(α )] = a out 

d
dr

[β  h


(1) (β )]  . (B.4b)

Applying the partial derivative 
d
dr

[ ] = d
d( ! , " )

[ ] d(! ," )
dr

 to Eqns.B.4 will give the

transcendental (resonance equation) below ;

  

n1X j

(n1X)[ ]′

j

(n1X)

=
n2X h



(1) (X )[ ]′
h


(1) (n2X)
(B.5)
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Appendix C

_______________________________________________________________________

Verify Eqn.3.33b ;

Q(L,X) = 2n1 (n1X)2 − L2 •exp{2[L ln(
L + L2 + (n2X)2

n2X
) − L2 − (n2X)2 ]}.

(C.1)

Where X is the optical size, 
  
L = ( +1)  is the angular momentum operator, n1 and

n2 are the refractive indices.

________________________________________________________________________

Proof :

Recall Eqn.3.29, the probability of tunneling for a quantum mechanical system with a

radial dependent potential;

  p = e
-2 (2m / 2 ) [V (r)-E]1/2 dr

R

r2

∫
. (C.2)

The analogy between photonic atom and quantum mechanics will be such that E=k0
2 and

  (2m / 
2 ) =1 , and v(r) = veff , where veff=k0

2(1-n2
2)+L2/r2, this will give;

p = e
-2 [v eff -k0

2 ]1/2 dr
R

r2

∫
= e

-2 [( L
r
)2 -n 2k0

2 ]1/2 dr
R

L/ n2k0

∫
(C.3)

γ = c

2n1 R2 − ( L
k0n1

)2
e
-2 [( L

r
)2 -n 2

2k 0
2 ]1/2 dr

R

L/ n2k0

∫
. (C.4)

The quality factor Q is ω/Γ,

Q(L,X) = 2n1 (n1X)2 ! L2 e
2 [( L

"
)2 -1]1/ 2 d"

n2X

L

#
, (C.5a)

and the result; Q(L,X) = 2n1 (n1X)2 − L2 •exp{2[L ln(
L + L2 + (n2X)2

n2X
) − L2 − (n2X)2 ]}.

 (C.5b)
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Appendix  D

_______________________________________________________________________
Verify Eqn.5.11 ;

  

r2
0

a

∫ j


2 (nk0r)dr ≈
a3

2
j


2(nX)(n
2 − nm2

n2
). (D.1)

Where j

 is the Spherical Bessel function, n is the refractive index and X is the optical

size.

___________________________________________________________________________

Proof:

The left-hand side of the Eqn.F.1 can be expressed precisely as;

  

r2
0

a

∫ j


2 (nk0r)dr =
a3

2
j


2 (nX)[1- j−1(nx)j+1 (nx)
j


2(nx)
] (D.2)

We will use the following recurrence relations for Spherical Bessel functions;

  
j
−1(nX) + j+ 1(nx) =

2+1
nX

j(nX) (D.3a)

  
 j
−1(nX) - ( +1)j

+1 (nX) = (2+1)[j(nX) ′ ] (D.3b)

The Spherical Bessel functions in the bracket of the Eqn.D.2 may be written in the form;

  

j !−1(nX)j! +1(nX)
j!
2(nX)

= (
j !−1 (nX)
j ! (nX)

)(
j !+1 (nX)
j ! (nX)

) (D.4)

Eqns.D.3 can also be expressed accordingly;

  


j
−1(nX)
j

(nX)

+  j+1(nX)
j

(nX)

=  2+ 1
nX

(D.5a)

  


j
−1(nX)
j

(nX)

- (+1) j
+1(nX)
j

(nX)

= (2 +1)[ j(nX) ′ ] 
j

(nX)

(D.5b)
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At resonance there is the asymptotic relation 
  

[ j

(nX) ′ ] 

j

(nX )

=
n2 − nm

2

n
 ,where nm is the medium

refractive index (See appendix E). This will simplify Eqn.D.5b. Once again Eqns.D.5;

  


j
−1(nX)
j

(nX)

+  j+1(nX)
j

(nX)

=  2+ 1
nX

(D.6a)

  


j
 ! 1(nX )
j

(nX)

- (+1) j+1(nX)
j

(nX)

= (2 +1)
n2 ! nm2

n
(D.6b)

Eqns.D.6 can be solved for two unknown Bessel function ratios;

  

j
−1(nX)
j

(nX)

=[ +1
nX

+
n2 − nm2

n
] (D.7a)

  

j
+1(nX)
j

(nX)

=[ 
nX

−
n2 − nm2

n
] (D.7b)

By inserting Eqns.D.7 into Eqn.D.4, and ignoring small cross terms in the right hand product

will give;

  

j
−1(nX)j+1(nX)

j


2 (nX)
≈
(+ 1)
(nX)2

−
n2 − nm2

n2
(D.8a)

Since for low order resonances 
  
X ! (+1) / n ;

  

j
−1(nX)j+1(nX)

j


2 (nX)
≈
1
n2

(D.8b)

Finally inserting Eqn.D.8b into Eqn.D.2 will give

           
  

r2
0

a

∫ j


2 (nk0r)dr ≈
a3

2
j


2(nX)(n
2 − nm2

n2
) (D.9)
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Appendix  E

_______________________________________________________________________
Verify:

  

n[j

(nX) ′ ] 

j

(nX)

=
[n


(1) (X) ′ ] 
n


(1) (X)
≈ − n2 − nm

2 (E.1)

where j

 and n



(1) are the Spherical Bessel and Hankel functions, n is the refractive index and X

is the optical size.

_______________________________________________________________________
Proof:

From the resonance Equation (Eqn.3.19a) one can easily establish,

  

n[j

(nX) ′ ] 

j

(nX)

=
[n


1 (X) ′ ] 
n


1(X)
. Let us now recall the Schrodinger-like equation (Eqn.3.5a) for the

photonic atom and the corresponding effective potential (Eqn.3.5b);

  

d2! r

dr2 +{k 0
2 " [k 0

2(1" n2(r)) + (+1) / r2 ]}! r = 0 (E.2a)

  
Veff (r) = k0

2 (1 − n2(r)) + (+1) / r2 . (E.2b)

Eqn.E.2a is the analog to the quantum mechanical Schrodinger Equation;

  

d2ψ r

dr2
+
2m

2 [E -V(r )]ψ r = 0. (E.3)

An analog comparison between Eqn.E.2 and Eqn.E.3 will reveal;

  

2m


2 E ← → ⎯  K 0
2 (E.4a)

  

2m


2 V(r ) ← → ⎯  Veff (r). (E.4b)
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The solution to Eqn.E.3 will be of the form,! " e-# r
, where, 

  

β =
2m

2 [E -V(r)]

1/2 . Using

the analogies in Eqns.E.4, β will have the form;

β = [Veff (r) - K0
2 ]1/ 2 . (E.5)

Since the argument in Eqn.E.1 is expressed in terms of X = K0 r (at r = a), it is necessary to

the express the argument of the wave function as;

! r " e- # $ (k0r )
(E.6a)

where,

′ β =
1
K0

[Veff (r) - K0
2 ]1/ 2. (E.6b)

Since n


(1) and ψr are analogous, referring to Eqn.E.1 one can write;

  

[n


1 (X) ′ ] 
n


1 (X)
 ← → ⎯  ′ ψ r

ψ r

. (E.7)

To evaluate Eqn.E.1, first, the effective potential Veff (Eqn.2b) has to be evaluated at r = a,

for the case where the surrounding medium has refractive index nm

  
Veff (r = a) = k0

2 (1! nm(r))+ (+ 1) / a
2, (E.8)

then by inserting Eqn.E.8 into Eqn.E.6b,

  

′ β =
1
K0

[( +1) / a2 - nm
2 K0

2 ]1/ 2 (E.9a)

Or,

  ′ β = [(+1) / X2 - nm
2 ]1/ 2. (E.9b)
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 Finally since according to Eqn.4.6b, 
  
n2 ≈ ( +1) / X2 ;

� 

′ β = [n2 - nm
2 ]1/2. (E.10)

Now Eqn.E.7 can be expressed;

  

� 

[n


(1) (X) ′ ] 
n


(1)(X)
= −β' ≈ − n 2 −nm

2 . (E.11)

Therefore;

  

� 

n[j

(nX) ′ ] 

j

(nX)

=
[n


(1) (X) ′ ] 
n


(1)(X)
≈ − n2 −nm

2 (E.12a)

Or,

  

� 

[j

(nX) ′ ] 

j

(nX)

≈
− n2 −nm

2

n
. (E.12b)
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 Appendix F

The fractional shift in frequency due to addition of a layer with dielectric constant ε


on a surface (sphere) with dielectric constant εs while both bathed in a medium with dielectric

constant εm is derived in Harrington,32

  

δω
ω

= −
(ε

− εm )

 
E out ⋅

 
E in∗  dv∫

2 εs

 
E out ⋅

 
E in∗  dv∫

(F.1)

where   
 
E in  and 

  

 
E outare the electric fields inside and outside the sphere. In Eqn.5.8,

  

! "
"

# $
%ex E0 ( r ) 2

2 &s E0 ( r ) 2 dV'
, (F.2)

we assume that the fields within and outside the sphere are identical. However according to

Harrington these two fields are not equal. To measure the error, let us compare the

numerators of Eqns.F.1 and F.2.

The electric field and polarization density inside and outside sphere are related;

  
ε


 
E in = ε 0

 
E in +

 
P in (F.3a)

  
εm

 
E out = ε0

 
E out +

 
P out . (F.3b)

Dotting Eqn.F.3a and Eqn.F.3b by Eout and Ein respectively, and solving for (ε

-εm),  

  
(ε

− εm )

 
E in ⋅
 
E out =

 
P in ⋅
 
E out −

 
P out ⋅

 
E in . (F.4)

Now let us add and subtract 
  

 
P out ⋅

 
E out to Eqn.F.4 and rearrange,

  
(ε

− εm )

 
E in ⋅
 
E out =

 
P ex ⋅
 
E out −

 
P out ⋅(

 
E in −

 
E out) , (F.5)
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where, 
  

 
P ex =

 
P in -
 
P out . Solving Eqn.F.3b for 

  

 
P out , and inserting this in Eqn.F.5 ;

  
(ε

− εm )

 
E in ⋅
 
E out =

 
P ex ⋅
 
E out − (ε


− ε0 )

 
E out ⋅ (

 
E in −

 
E out) . (F.6)

For a protein shaped sphere with dielectric constant of ε

 located in a medium with dielectric

constant εm the field are related as follows;

  

! 
E in =

3
! 
E out

(ε " / εm ) + 2
. (F.7)

Notice that when ε
 = εm, the input and output electric fields are identical. Inserting Eqn.F.7 in

Eqn.F.6 will give,

  

(ε

− εm )

 
E in ⋅
 
E out =

 
P ex ⋅
 
E out + (εm − ε0 )( 3

(ε


/ ε m ) + 2
−1)
 
E out

2 . (F.8a)

Or,

  

(ε

− ε m )

 
E in ⋅
 
E out∫ dv = α ex ⋅

 
E out

2 + (εm − ε0 )( 3
(ε

/ εm ) + 2

−1)
 
E out

2∫ dv . (F.8b)

The first term in Eqn.F.8b corresponds to Harrington and the second term is the term that we

have introduced. The error therefore will be,

  

Error =
(εm − ε0 )( 3

(ε


/ εm ) + 2
−1)
 
E out

2

(ε

− εm )

 
E in ⋅
 
E out

=
(εm − ε 0 )( 3

(ε


/ εm ) + 2
−1)
 
E out

2

(ε

− εm )( 3

(ε


/ εm ) + 2
)
 
E out

2
=

(εm − ε0 )
3εm

= 14%

(F.9)

Appendix  G
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LabView Tracking Program.

Fig.G.1 and G.2 Show the control panel and flow chart for the Lab View program

setting. In this program the resonance dip can be seen and tracked while molecular adsorbates

are injected in sample cell.

Fig.G.1 Lab View Control panel setting.
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Fig.G.2 Lab View program flow chart
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